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ABSTRACT 



We study geometric variational problems for a class of models in quantum field theory 
known as Faddeev-Skyrme models. Mathematically one considers minimizing an energy 
functional on homotopy classes of maps from closed 3-manifolds into homogeneous spaces 
of compact Lie groups. The energy minimizers known as Hopfions describe stable configu- 
rations of subatomic particles such as protons and their strong interactions. The Hopfions 
exhibit distinct localized knot-like structure and received a lot of attention lately in both 
mathematical and physical literature. 

High non-linearity of the energy functional presents both analytical and algebraic dif- 
ficulties for studying it. In particular we introduce novel Sobolev spaces suitable for our 
variational problem and develop the notion of homotopy type for maps in such spaces that 
generalizes homotopy for smooth and continuous maps. As the spaces in question are nei- 
ther linear nor even convex we take advantage of the algebraic structure on homogeneous 
spaces to represent maps by gauge potentials that form a linear space and reformulate the 
problem in terms of these potentials. However this representation of maps introduces some 
gauge ambiguity into the picture and we work out 'gauge calculus' for the principal bundles 
involved to apply the gauge-fixing techniques that eliminate the ambiguity. These bundles 
arise as pullbacks of the structure bundles H ^ G G / H of homogeneous spaces and we 
study their topology and geometry that arc of independent interest. 

Our main results include proving existence of Hopfions as finite energy Sobolev maps in 
each (generalized) homotopy class when the target space is a symmetric space. For more 
general spaces we obtain a weaker result on existence of minimizers only in each 2-homotopy 
class. 
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Chapter 1 



Introduction 



1.1 Preliminaries 



The subject of this thesis is a mathematical study of a class of non-linear cr-models that 
arise in quantum field theory. We call them Faddeev-Skyrme models although other names 
are also used in the literature [(tP^ IMnj . Mathematically one has a variational problem with 
topological constraints for maps from a 3-manifold into homogeneous spaces. The solution 
requires some extensive incursions into geometry and topology of such maps that are of 
independent interest. This section gives some historical perspective on the problem and its 
mathematical treatment. 

In 1961 an English physicist T.H.R. Skyrme introduced a new model describing strong 
interactions of quantum fields corresponding to mesons. The fields of the model are maps 
from M.^ into 5*^. The 3-sphere is interpreted as the group SU2 of unimodular unitary 
complex 2x2 matrices and only maps converging to the identity matrix at infinity are 
considered. Skyrme's idea was to add to the standard Dirichlet energy 



that would prevent stationary fields from being singular as it happens for harmonic maps. 
Here the derivative dip takes values in the corresponding matrix Lie algebra SU2 and the 
wedge product dip A dip := Ei<j §^-§^dx^ A d^'' is defined using the matrix multiplication. 
Because of the condition at infinity the maps ip can be identified via the stereographic 
projection with maps from to and one can talk about their topological degree. This 




an additional stabilizing term 
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degree serves as a constraint when minimizing the Skyrme functional 



E{i,)= [ + hd^Ad^l'dx, (1.1) 

without a constraint constant maps are obviously the only absolute minimizers. 

If the above is replaced by and only maps with a certain symmetry are consid- 
ered the Euler-Lagrange equations for the Skyrme functional are related to the sin-Gordon 
equation that admits solitons as solutions jDFNj. It was expected that solitonic behavior is 
preserved in the 3-dimensional case as well. Skyrme conjectured that the solitons should be 
interpreted as combinations of baryonic particles (protons, neutrons, etc.) and the degree of 
a map gives the number of such particles, the baryonic number. Solitonic behavior is then 
explained by topological reasons - evolution (i.e. a homotopy) does not change the degree 
of a map. Solitons of this kind are now called topological (CTSj . After the appearence of 
the Standard Model of quantum interactions and some experimental evidence the Skyrme 
model became accepted as an effective description of meson-baryon interaction. 

The Skyrme model was later generalized to consider maps from into G, where G is 
a compact semisimple Lie group |DFNj . G is represented by unitary or orthogonal matrices 
and the functional has the same form ()1.1|) . If the metric on G is bi- invariant = \dipip~^\ 
and \dip A dip\ = \dipip~^ A dipip'^l so the functional can be written more intrinsically as 

E{^)= [ hdi,i,~'\' + h[diji;-\di;i;-']\' dx. (1.2) 
Jr3 2 16 

where [a, a] is the Lie bracket of g-valued forms (g is the Lie algebra of G ). In this form 
it is explicitly independent of a matrix representation of g. 

More Skyrme-type models emerge if one considers maps — ^ G/H into the coset space 
of G by a closed subgroup H . The first model of this kind was introduced by L.D.Faddeev 
in 1975 |Fdll IFd2j . In his case G/H = SU2/U1 ~ S*^ and one can define energy by simply 
restricting p.lj) to the S*^ -valued maps via the equatorial embedding S'^ ^ . As in 
the case of maps S'^ S'^ whose homotopy type is characterized by a single number the 
homotopy type of maps S"^ S'^ is given by the Hopf invariant. It was expected that 
this model will also exhibit solitonic behavior for the same topological reasons. Moreover, 
unlike in the case of the original Skyrme model the center of a soliton would be not a single 
point but a closed loop, possibly knotted (recall that the Hopf invariant of a map is given 
by the linking number of the preimages of two generic points in |Haj ) . This remained 
a conjecture until 1997 when Faddeev and A.Niemi used computer modelling to show that 
energy minimizers of the Faddeev functional do have knot-like structure ^FNlj . Their result 
was later confirmed by more extensive computations in JBSlj. 

In 1980-s physicists began to consider models for maps taking values in more general 
homogeneous spaces (see historical remarks in |BMSSj ). They were motivated by attempts 



to construct 'effective' theories that describe the behavior of the Standard Model fields in 
asymptotic situations. For instance, the hypothesis of Abelian Dominance suggested by 
G.'tHooft I'tHj leads to effective theories for maps taking values in a coset space G/T with 
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T a maximal torus of G . E. Witten and his collaborators |AJN W| IWtH IWt2j studied models 
with G/H being symmetric spaces. Based on some earlier work of Y.M. Cho pl^ ICh^ 
Faddeev and Niemi conjectured in 1997 that the low-energy limit of SUn Yang-Mills theory 
is described by an SUn/"^ Skyrme-type model |FNH |FN2] . Since then the Faddeev- Niemi 
conjecture has received considerable attention in the physics literature |Fd31 ICLFI IShll ISh2j . 

Mathematical treatment of the Skyrme model and its generalizations has not been very 
extensive. Skyrme suggested to look for minimizers that have some special symmetry, the 
so-called hedgehog ansatz (see |GPp . In 1983 L.Kapitansky and O.Ladyzhenskaya proved 
the existence of minimizers among maps with such symmetry for the Skyrme model on . 
In two papers |EsH IEs2j M.Esteban apllied the concentration-compactness method of P.- 
L. Lions [Lnl to prove existence of minimizers among maps of the degree ±1. There was a 
gap in her proofs that was fixed later (Es3l IL Y2] . As for the energy minimizers (Skyrmions) 
with higher topological degrees their existence remains elusive to this day (see the discussion 
in |LY2j ) . On the other hand, if one replaces in p.H) . p.2|) by a closed 3 -manifold M 
the problem becomes more tractable. Existence of minimizers in all homotopy classes has 
been established in |Kp| for maps M — »• 5*^ and more generally for maps M ^ G m [AKl]. 

In the case of the Faddeev model the story is even shorter. Back in 1979 L.Kapitansky 
and A.Vakulenko proved a low energy bound for Skyrme energy of maps in terms of their 
Hopf invariant which was later improved by several authors |MRS| IWrj . An existence theory 
for this model has been developed in |LYlj on M? and |LY2j on M^. The authors use the 
concentration-compactness method and the following two-sided inequality 

C'^\Q^f^<E{'il,)<C\Q.^f^ 

that complements previously known lower bounds by an upper bound {Q^ is the Hopf 
invariant oi ip). Sublinear growth of energy along with existence of minimizers for Q = ±1 
ensures that there are minimizers with arbitrarily large Hopf numbers (although for every 
concrete value, say Q = 2 one can not tell if a minimizer exists). For the original Skyrme 
model the energy growth in terms of the degree is linear |GPj and one can not apply the same 
argument. As before the situation improves when is replaced by a closed 3-manifold M . 
Existence of minimizers in every homotopy class of maps M — > 5^ is proved by D.Auckly 
and L.Kapitansky in |AK2j . 

For more general homogeneous target spaces X = G/H it is not immediately obvious 
how to generalize the functionals ()1.1|) . ()1.2p . N.Manton suggested to interpret dtp A dip 
simply as an element of ip*TX ® ip*TX in which case (jl.ip makes sense for an arbitrary 
Riemannian manifold X as a target |Mnj . However, this functional does not coincide with 
the usual Skyrme functional (jl.2j) for Lie groups except in the case of SU2- Faddeev and 
Niemi suggested a version of the functional for the flag manifold SUn/T in |FN2j but their 
way of introducing it only works for this particular case. To the best of our knowledge the 
existence of minimizers for such models was not considered in the literature. In fact, the 
only result in this direction is a generalization of the low energy bound to SUn/T^ model 
by S.Shabanov |Sh2j . 

There is however a natural generalization of (jl.l|) . (11.21) that works for arbitrary homoge- 
neous spaces and reduces to the previously considered functionals in the cases of Lie groups 
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and flag manifolds. If dg is tlie Maurer-Cartan form on G then dipip^^ = ip*{dgg~^). 
Let f)"*" be the orthogonal complement to the Lie algebra of H with respect to some invariant 
metric on g (e.g. the Cartan-Killing metric). One can see that the form gpTf^±{g~^ dg)g^^ 
is horizontal and invariant under the left action of H on G and therefore descends to a 
0-valued form uj-^ on G/H . More precisely, if G G/H is the quotient map we define 

Tr*uj-^ := g^i^^{g-^ dg)g-^ = Ad^{g)prij±{g-^ dg) (1.3) 

and call uj-^ the coisotropy form of G/H . Obviously when H is trivial uj-^ reduces to dg g~^ . 
Hence for a map M — > G/H the Faddeev-Skyrme energy can be defined as 

E{i))= [ l\^/j*uj^\^ + hi/j*uj^ AiIj*uj^\'' dm. (1.4) 

and it turns into ()1.2|) for Lie groups. In this work we refer to minimization problems for 
the functional ()1.4|) on homotopy classes of maps M G/H as Faddeev-Skyrme models. 

The kinds of difficulties we encounter and the kinds of methods we use are very different 
from those in the recent papers |LYH ILY2j on the Faddeev model. We do not have to deal 
with effects at infinity since the domain M is compact but the topology of a general 3- 
manifold is more complicated than that of or 5*^ . Much work is required to describe the 
homotopy properties of maps M ^ G/H in a. way that relates them to the functional ()1.4p . 
In this endeavor we follow the ideas of [AKlj IAK2j on the Skyrme and Faddeev models. 
In particular, we represent maps by connections and use formalism of the gauge theory to 
analyze them. 



1.2 Main results 

We consider Faddeev-Skyrme models for M being a closed 3-manifold and X = G/H being 
a simply connected homogeneous space of a compact Lie group G. Mathematically we wish 
to minimize the functional ()1.4|) on a homotopy class of maps. As might be expected the 
space of continuous maps is insufficient to contain minimizers and has to be enlarged. Before 
we can describe the suitable class of admissible maps we need as in [rKnfrK2] a description 
of the homotopy classes more 'explicit' than the one given in the algebraic topology. 

If H'^{M, Z) 7^ homotopy classes of maps M ^ X are no longer indexed by a single 
invariant such as the degree or the Hopf number. By the Postnikov classification theorem 
|Bo| IPs| IWJj there is a primary invariant (the 2 -homotopy type) defined for any map and 
a secondary invariant defined only for pairs of maps that have the same primary invariant. 
It turns out that if X is simply connected it admits a representation X = G/H, where 
G, H are connected and G is compact and simply connected. Using such a representation 
we have 

Theorem 1. Two continuous maps M ^X are 2-homotopic if and only if there exists 
a continuous map M — ^ G such that ij) = mp . 
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Now the secondary invariant can be defined explicitly in terms of u. Since G is simply 
connected and 712(6') = for any Lie group one has 7r3(G) ~ H3{G,Z) by the Hurewicz 
theorem. Let G H^{G,tt3{G)) denote the basic class of G, i.e. the one that corresponds 
to every homology 3-cycle in G its image in 7r3(G) under the Hurewicz isomorphism [5tl 
\DK\ IM Tj . Then u*hG is the secondary invariant for the pair ^p,^p. 

If H'^{M, Z) = as for example in the case of M = S*^ then Theorem Q says that any 
two maps are related by a map into G. In particular we can choose (f to be the constant 
map and define the secondary invariant for a single map ip instead of a pair. One can view 
it as a generalization of the Hopf invariant. 

In general it is not necessary that the secondary invariant vanish for (p and ip to be 
homotopic. In fact there are maps M — > G with w*hG 7^ but w(p = (p. For a correct 
statement we have to factor out the subgroup generated by such maps: 

:= {w*hG \wip = <f}< H%M, 7r,{G)). (1.5) 

In the case of the classical Hopf invariant this subgroup is trivial. 

Theorem 2. Let M X and M — ^ G be continuous maps. Then (p and ip = u(p are 
homotopic if and only if u*hG G O^. The subgroup O^p only depends on the 2-homotopy 
type of if and not on the map itself. 

To get an integral representation for the secondary invariant we need a deRham repre- 
sentative for the basic class be . This has been worked out in |AKlj and we briefly recall the 
construction here. If G is a simple group then if^(M, 7r3(G)) ~ Z and b^ is represented 
by an integral real- valued form on G. Explicitly 

e := cg ti{g~^dg A g'^dg A g'^dg), 

where cg are numerical coefficients computed in jAKlj for every simple group. Thus 

u*Q = Cg ti^u^^du A u^^du A u^^du). (1.6) 

In general if G is compact and simply connected then G = Gi x ■ ■ ■ x Ga? , where G^ are 
simple groups. Since vr3(G) = 7r3(Gi) © ■ ■ • © 7r3(GAr) ^ Z^: 

H^{M, 7r3(G)) ~ H^{M, Z) © 7r3(G) ~ Z © Z^ ~ Z^ 

and we identify H^{M,t[^{G)) with Z^. Therefore b^ is represented by an integral vector- 
valued form, namely 9 := (©i, . . . , Gat) , where 

Gfc := Cg, tr(prg^(^-^rf^) A ^^"^ ^^{g'^ dg) A y>i ^^{g^^ dg)) 

and Qk are the Lie algebras of Gk ■ Accordingly from p.5|) becomes a subgroup of Z^ . 
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We can now handle Sobolev maps by picking a smooth reference map to fix a 2- 
homotopy type and allowing m to be a Sobolev map. To fix a homotopy type we require in 
addition that J^.jU*Q e O^. 

The next step is to relate our topological description to the functional ()1.4|) . It helps to 
restate the minimization problem in terms of u and (p. To this end consider the following 
isotropy subbundles of M x G: 

:= {(m,7) eMxG\ y^{m) = gH, g-'jg G H}, 
f)^ := {K e M X I (^(m) = gH, g-'^g ei)}. ^ ' ^ 

Sections of M x G are just maps from M to G and one can see that sections of are 
exactly the maps from the stabilizer of if (cf. ()1.5p ): 

Stah^ := {w: M ^ a \wip = ip}. (1.8) 

For g-valued forms a we get the corresponding isotropy decomposition: 

a = pr(j^(a) + pTf^±{a) =: a" + a"*". (1.9) 

Following |AKH IDFJNj we introduce the potential of m by a := u~^du. This is indeed the 
gauge potential of a fiat connection on the trivial bundle M x G |MMj . Define 

then the Faddeev-Skyrme functional ()1.4|) for ip = uip becomes 

E^{a) = / -\D^a\^ + -\D^a A D^a\^ dm. (1.10) 
Jai 2 4 

Note also that u*Q in ()1.6|) also has a very simple expression in terms of a: 

u*<d = Cg tr(a A a A a) (l-H) 

and this is the Chern-Simons invariant of a since da = —a A a. 

Let us consider the spaces of maps and potentials suitable for minimizing the functional 
fjl.lOp . We use two such spaces. The first is the space S{M,G) of admissible maps u 
described in terms of their potentials a = u~^du as follows: 

1) e L\A'M^q)- 

2) Aa^ G L2(A2M(8)0); (1.12) 

3) all G W^'\A^M®g). 

The second is the sequentially weak closure S'{M, G) of G°°{M, G) in S{M, G) with respect 
to the following weak convergence: 

1) Un u; 

2) Aa^ ^a^ Aa^; (1-13) 

Q^ II II 

3) < ^ a", 
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where of course a„ = u^^dun and a = u ^du. 

In view of TheoremQwe say that a Sobolev map is in the 2-homotopy sector of 

(p if ip = uif for u G S{M, G) (if happens to be continuous it will indeed be 2-homotopic 
to <^). Maps M — i> X that are in a 2-homotopy sector of some smooth map are also called 
admissible. 

Theorem 3. Every 2-homotopy sector of admissible maps M ^ X has a minimizer of the 
Faddeev-Skyrme energy. 

As far as the secondary invariant is concerned note that if m G S{M, G) we only 

know that a G L^(A^M (g) q) and a A a A a is not defined even as a distribution. However 
a = a" + a"*" and due to the cyclic property of traces one has for smooth forms 

CGtr(a A a A a) = Ccitiia^Y^ + 3tT{{J)^'^ A a^) + 3tr(all A (a^)^^) + tr(a^)^^). 

By p.l2|) the righthand side is in L^{A^M) and we take it as the definition of u*<d for 
u G £{M,G) and a simple group G. Applying the above decomposition to each simple 
component one can define u*Q in the general case as well. 

A Sobolev map M — > X is in the homotopy sector oi ip ii ip = rnp for u G S'{M, G) 
and Jj^_jU*Q G O^. By Theorem |21 this does mean 'homotopic' if ip is continuous. Maps 
M —>■ X that are in a homotopy sector of some smooth map are called strongly admissible. 

Theorem 4. Let X be a symmetric space. Then every homotopy sector of strongly admis- 
sible maps M X has a minimizer of the Faddeev-Skyrme energy. 

Note that it is quite possible that admissible and strongly admissible maps are the 
same class (that may also coincide with the class of W'^''^ maps with finite Faddeev-Skyrme 
energy). This is a question that we do not address in this work. It is related to difficult 
problems of approximating Sobolev maps into manifolds by smooth maps |Bt| IHLH IHL2j 
and establishing integrality of cohomological invariants for Sobolev maps and connections 
XK3llEMllLY2llTjl2] . 

Let us say a few words about the role the gauge theory plays in proving Theorems El IH 
When we attempt to minimize (jl.lOj) the following problem presents itself. The choice of u 
in Theorem n is not unique: without changing i(j it can be replaced by uw , where w is an 
element of the stabilizer Stab^. Since the functional (jl.lUj) only depends on ip it remains 
invariant under this change and therefore admits a non-compact group of symmetries as a 
functional of u (or a). As a result sets of maps with bounded energy are not weakly compact 
in any reasonable sense. This sort of problem is well known in the gauge theory, where the 
group of symmetries is the gauge group of a principal bundle acting on connections. The 
gauge theory also gives a way out: one has to fix the gauge [FLU IMMj . This is more than 
a mere analogy, the entire problem of minimizing (jl.iup can be reduced to a gauge theory 
problem and solved as such. We give some details below. 
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The isotropy subbundles admit the following gauge-theoretic interpretation. Consider 
the quotient bundle of a homogeneous space: H G ^ G/H . This is a smooth principal 
bundle, call it P and so is its pullback (p*P under a map M G/H. Then one has the 
bundles Ad{ip*P) (gauge group bundle) and Ad^:{(p*P) (gauge algebra bundle) associated 
to it in the usual way [FUt IMMj . In the next theorem we combine several results from 
Chapter 2 (r(Q) denotes sections of a bundle Q): 

Theorem 5. (i) The bundles H^p and Ad{{p*P) are isomorphic and identify gauge trans- 
formations on ip*P with maps from Stabi^ . 

(ii) The bundles i)ip and Ad*(y9*P) are isomorphic. This isomorphism induces isomorphisms 
on differential forms under which gauge potentials and curvatures of connections on (f*P 
are identified with i)^ -valued (and hence g-valued) forms. 

(iii) Under the above identifications the gauge action of w & Stab^^ on b E r(A^M® i)^) is: 



h"" = w-^bw + w-^dw + {w-\ip*iu^)w - ip*uj^) (1.14) 
and the curvatures ofb, b^ are: 

F(b) = db + bAb-[b, ^*uj^] - (if*uj^ A if*uj^y\ 

(1.15) 

F(r) = w-^F{b)w, 
where we set [a, (3] := a A P + P A a (plus!) for 1 -forms a, [3 . 

If is a constant map then Lp*uj-^ = and the formulas for gauge action and curvature 
reduce to the familiar ones for trivial bundles [IDFN 1 IFUl IMMj . 

It turns out that the isotropic part a" := pi^^ (a) gives the gauge potential of a connection 
on the subbundle ip*P G M x G under the identification of Theorem E^ii). Moreover, if u is 
replaced by uw and hence a is replaced by := {uw)^^d{uw) then (a"-)!! = (a")"', where 
on the right we have the expression from ()1.14|) . In other words, as far as the isotropic parts 
are concerned the action of Stab^ on maps M ^ G is conjugate to the action of the gauge 
group r{Ad{(f*P)) on connections. Theorem El^iii) along with the flatness of a implies that 

F(all) = rf(pr(,J Aa^ - (a^ A a^^ - iv*^^ A (^*tu^)ll (1.16) 

and a-*-, o"*" A a-*" are bounded in by the functional (jl.lOj) . This is the relation we needed 
between the geometry/topology of the maps and the Faddeev-Skyrme functional. Recall that 
the Uhlenbeck compactness theorem says that a sequence of gauge potentials with bounded 
curvatures is gauge equivalent to a weakly precompact one |U1H IWej . Therefore a" can be 
controlled by fixing the gauge in Ad^:{ip*P). In terms of maps this means that we replace 
M by a suitable uw when representing ijj in the minimization process. 
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It is interesting to note that D^pa transforms as curvature in (|1.15|) . i.e. 

D^{a}")=w-\D^a)w. (1.17) 

This brings us to the subject of coset models (see |BMSSj and references therein). In general 
in a coset model one considers a pair consisting of a principal G bundle and its H subbundle. 
In our case M x G and ip*P form such a pair. As in the standard gauge theory fields are 
connections on the G bundle but they are identified only up to gauge transformations on the 
H subbundle (the gauge symmetry is 'broken to iJ' in physics lingo). Energy functionals 
have to be invariant under the gauge group of the subbundle. For our pair it means that 
they can only depend on F(a") and D^^a. Obviously, the functional (jl.lOj) gives an example 
of such a model. That Faddeev-Skyrme models can be recast in these terms underscores 
the fact that they exhibit both 'string-theoretic' traits as non-linear a-models and 'gauge- 
theoretic' traits as coset models. 



1.3 Short summary 

In Chapter 121 we develop a homotopy classification of maps from a 3 -dimensional manifold 
into a compact simply connected homogeneous space in terms suitable for analytic appli- 
cations. This classification is obtained mostly by applying the classical obstruction theory 
to the bundle of shifts. In Section ITT] we review classical results on low- dimensional homo- 
topy groups of homogeneous spaces. The bundle of shifts is introduced in Section 12.21 In 
Section 1231 we prove that two maps ip, if are 2-homotopic if and only if they are related as 
ip = uip and in Section we give a necessary and sufficient condition on u to make them 
homotopic. 

Chapter |21 develops the ideas of |AK2j on representing maps into homogeneous spaces 
by connections. In particular a map 2-homotopic to (p can be represented by the pure- 
gauge connection u~^du. This representation is not unique but the ambiguity admits a nice 
description in terms of gauge theory on coset bundles. Section 13.11 is a review of the theory 
of connections and gauge transformations on principal bundles including some useful facts 
and formulas for matrix-valued and Lie algebra-valued differential forms that are scattered 
in the literature. In Section we study the coisotropy form of a homogeneous space which 
appears in the formulas for gauge action and curvature on coset bundles and also in the 
Faddeev-Skyrme functional. Coset bundles are introduced in Section 13.31 and we develop 
'gauge calculus' for them that is necessary to prove our minimization results in Chapter 3. 

In Section [4. II we define the Faddeev-Skyrme functional for maps into arbitrary homo- 
geneous spaces and its equivalent version for connections. Then we introduce some Sobolev 
spaces of maps suitable for the minimization problems involving this functional and extend 
the notion of 2-homotopy type to such maps. We prove the existence of minimizers of the 
Faddeev-Skyrme functional in each 2-homotopy sector in Section 14.21 and in each homo- 
topy sector in Section 14.31 when the target homogeneous space is symmetric. Both proofs 
rely on the fundamental gauge-fixing result of K.Uhlenbeck jUUj to eliminate the ambiguity 
introduced by representing maps as connections. 
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On the first reading one may skip Chapter |21 entirely, look through last two sections 
of Chapter El for notational conventions and proceed directly to Chapter 0] turning to the 
preceeding sections for reference wherever necessary. 
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Chapter 2 

Maps into homogeneous spaces 



In this chapter we describe 2 and 3 homotopy types of maps M — G/H in terms of hftings 
to the group of motions G. The idea comes from a well known construction in algebraic 
topology - so called Whitehead tower. In it a topological space X (usually a CW complex) 

is included into a tower of fibrations X where each is n-connected and a map M — > X"' 

is n-nullhomotopic if and only if it admits a lift M — ^ X" to the n-th floor of the tower. If 
X = G/H is simly connected then X^ = X and if G is simply connected then it is in fact 
2-connected since tt2{G) = for any Lie group. Therefore the quotient bundle G — > G/H 
can be seen as a surrogate of the second floor of the Whitehead tower and one may expect 

that M — > G/H is 2-nullhomotopic if and only if it admits a lift 




G/H 

This is indeed the case and moreover it turns out that since G is a group not only 2- 

nuUhomotopy but even 2-homotopy type can be characterized similarly: two maps M 
G/H are 2-homotopic if and only if there is a 'relative' lift M — > G such that ip = mp 
(Theorem [7j). A further result states that they are in fact homotopic if and only if u*hQ 
takes values in a prescribed subgroup of H^{M, 713 (G)) (here be is the basic class of G, see 
DeflnitionE)). 
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2.1 Topology of homogeneous spaces 



In this section we recall basic facts about topology of homogenous spaces. A smooth manifold 
is called homogenous under an action of a Lie group G if the action is transitive. If Xq G X 
is a point the subgroup if^^ < G that fixes it is called the isotropy subgroup of xq . Isotropy 
subgroups of different points are conjugate and therefore isomorphic to each other. There is 
a 1-1 correspondence between points of X and cosets in G/H . If G is a compact Lie group 
then < G is closed and by a theorem of Chevalley ;Ch| G/ if^o is equipped with a natural 
structure of smooth manifold so the above correspondence becomes a diffeomorphism. In 
other words, as far as compact Lie groups are concerned consideration of homogeneous 
spaces is equivalent to that of coset spaces G/H , where H < G is a closed subgroup. 

We are mostly interested in simply connected homogeneous spaces: ni{G/H) = 0. By 
a theorem of D.Montgomery |Mg| if a Lie group G acts transitively on a simply connected 
space then so does its maximal compact subgroup K{G) , i.e. G/H ~ K{G)/ {K{G)nH) (~ 
means diffeomorphic) . U Gq, G denote the identity component and the universal cover of 
G respectively it is easy to see directly that G/H c:=l Gq/{Gq HH) and G/H ~ G/H where 
H := Tr~^(H) under G ^ G. Combining these facts we conclude that for simply connected 
homogeneous spaces X = G/H we may assume without loss of generality that G is compact, 
connected and simply connected. Indeed, if G is not compact we replace it by the maximal 
compact subgroup K{G). If that is not connected we replace it by its identity component, 
which is still compact (and which we still denote G by abuse of notation). Hence now G is 
compact and connected. If G is not simply connected we take G . It may not be connected 
but by the classification theorem of compact Lie groups G = Gi x ... x Gm x M", where 
Gfc are simple, connected and simply connected [BtD], Applying the Montgomery theorem 
once again we replace G by K{G) = Gi x ... x G^ that has all the required properties. 

Example 1. <CP"'^^ can he presented as a coset space GLn{'C)/P , where P is a parabolic 
subgroup of invertible n x n complex matrices of the type 

* . * 



y * . * y 

Following the above algorithm we take K{GLn{C)) = f/„(C) while P is replaced by {Ui x 
f/„_i)(C) . The unitary group is already connected so we skip taking the identity component 
but UniC) = SUniC) X M and K{Un{'C)) = S'f/„(C). The subgroup in the meantime is 
replaced by (Ui x t/„_i)(C) matrices with determinant 1 which is isomorphic to [/„_i(C). 
Thus CP"'^^ ~ SUn{C) /Un-i{C) and SUn is compact, connected and simply connected. 
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From this point on we assume that in X = G/H the group G is compact, connected 
and simply connected. By the same theorem of Chevalley |Chj G G/H is a fiber bundle 
(in fact, a principal bundle) and we can apply the exact homotopy sequence: 

. . . ^ Tiu{G/H) ^ 7rfe(G') ^ Tik{H) ^ nk+i{G/H)... (2.1) 

where H ^ G is the inclusion and d is the connecting homomorphism. Since 7ro(G') = 
7!'i{G) = we have 

= 7ro(G) ^ MH) ^ MG/H) ^ m{G) = (2.2) 

and ttq^H) = ni^G/H) = 0, i.e. if < G is connected. Furthermore, since n2{G) = for 
any Lie group 

= 7l^{G) ^ -KiiH) ^ MG/H) ^ n^iG) = (2.3) 

and 7T2{G/H) ~ T^iiH) by the connecting homomorphism. Finally, from the next segment 
of the sequence: n^i^G/H) ~ tts^G) / i^n^i^H) . Summarizing the discussion of this section we 
get the following 

Corollary 1. Any compact simply connected homogeneous space X admits a coset presen- 
tation X = G/H , where G is compact, connected and simply connected and H < G is 
closed and connected. 

Remark 1. By a result of Mostow the Klein bottle K is a homogeneous space of a 
Lie group but not of a compact one. Its fundamental group is 7ri(K) ^ Z x Z2 (semi-direct 
product) and this shows that simple connectedness of G/H is essential in Corollary^ 



2.2 The bundle of shifts 

We assume that X = G/H is a compact simply connected homogeneous space presented as 
in Corollary 1, M is a CW complex (e.g., a smooth manifold) and consider continuous maps 

M — >■ . Characterization of homotopy type will follow from the homotopy lifting property 
in a certain bundle that we call the bundle of shifts. A particular case of this bundle is used 
in |ASj for similar purposes. 

Definition 1 (The bundle of shifts). The bundle of shifts of a homogeneous space G/H = 
X is the fiber bundle Q over X x X given by: 

X X G ^ X X X. 

(2.4) 

{x,g) I — > {x,gx) 
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To prove that this is indeed a fiber bundle we need some facts from the theory of principal 
and associated bundles |BC| IHusl IStj . 



Definition 2 (Principal bundles). Let P be a topological space and H a Lie group that 

PxH — > P 

acts on P on the right: . This action is called a principal map if it is 

{p, h) I — y ph 

free and proper. The set of orbits X := P/H is then equipped with a natural topology and 
P^X 

is a fiber bundle called a principal bundle with the structure group H . 

p I — > pH 

If P is a manifold and the action is smooth then X also obtains a smooth structure 
and the projection vr is smooth. Taking P = G a compact Lie group and H < G a. closed 
subgroup we get by the Chevalley theorem a smooth principal bundle G — ^ G/H called 
the quotient bundle, where the principal map G x H — > G is just the group multiplication. 

Let F be another topological space (respectively, smooth manifold), where the structure 

H xF — ^F 

group H acts on the left . One can form a set of equivalence classes 

[h, f ) I — > Kh)f 

Px^F:={[pJ]ePx F\{p, f) ~ (A li{h-')f)} (2.5) 

that receives a natural structure of a topological space (a smooth manifold). It turns out 
Px.F — y X 

that , , , is a bundle proiection that turns P x,, F into a fiber bundle over X 

called the Borel construction from P and /i jHusj . 

Definition 3. Let Ei — X , E2 X be two fiber bundles over X . A continuous 
(smooth) map Ei — > E2 is a bundle map if the diagram 




X 

commutes, and it is a bundle isomorphism if its inverse is also a bundle map. A bundle 
E — > X is called associated to a principal bundle P — > X if it is bundle isomorphic to a 
Borel construction E c:^ P x^ F for some /z ,F and T . 
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Note that if Ei — U X is a fiber bundle and E2 X is a map such that for some 



invertible Ei — > E2 the diagrams 




E2, E- 




(2.6) 



commute then E2 is also a fiber bundle and E2 — E1. 

Along with a quotient bundle G G/H = X consider its Cartesian double GxG 
X X X. This is also a quotient (and hence principal) bundle with G := G x G and 
H:=HxH<GxG = G, which is its structure group. 

Lemma 1. Let G be a compact Lie group, H < G a closed subgroup and G X = G/H 
the corresponding coset bundle. Then the bundle of shifts Q X x X ()2.4|) is a fiber 
bundle associated to the quotient double GxG X x X . 

Proof. We will construct an explicit isomorphism between Q and the following Borel con- 
struction. H X H acts on H on the left by 

[H xH)xH 

{{\,,\2),h)^\2h\^' 

Set El := {{G X G) x^H X), E2 := Q and consider the following map 

El — > E2 



[9i,92,h] I — > {giH,g2hgi ^) 



To begin with JF is well defined: 



giXiH, g2\2, \ 1 — > (fi-i, \iH, gihgi ^) = {giH, g2hgi ^). 



The inverse is given by {x,g) 1 — > [gi,ggi, M, where giH = x. If gi\ is chosen instead with 
\ & H then [gi\, ggiX, X^^IX] = [gi,ggi, 1] so is well-defined. It is easy to see that it 
is indeed the inverse to JF. 
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We claim that both diagrams (j2.6|) with 7ri,7r2 replaced by vr, a respectively commute. 
For instance, 

(ao J^)i[9i,92,h]) = a{giH,g2Hg^^) = {giH,g2hH) = {giH,g2H) = n{[gi, g2, h]). 

Therefore the bundle of shifts Q = E2 is indeed a fiber bundle and ^ is a bundle isomor- 
phism. □ 

Given a pair of maps M -^^^ X one obtains a single map M ^-^^^ X x X into the base 
of the bundle of shifts. The following characterization of the homotopy type follows directly 
from the homotopy lifting property in the bundle of shifts. 

Corollary 2. Let G be a compact connected Lie group, H < G a closed subgroup, X = G/H 
and M a CW -complex. Then two continuous maps M ^X are homotopic if and only 
if there exists a nullhomotopic M G such that ip = UQ(p . Given an arbitrary map 
M — ^ G maps , uip are homotopic if and only if u = uqw , where uq is nullhomotopic 
and wip = (p . 

Proof. If Uq is a homotopy that translates Uq into constant 1 map then ipt '■= u\^ip translates 
UQif into if and $(m, t) := {ip{m) , tpti^)) translates v^) into {ip,tp). The former admits 
a lift {{p, 1) into Q, indeed a o (yj, 1) = {ip,{p). Since Q is a fiber bundle by Lemma [H the 
homotopy lifting property implies that the following diagram can be completed as indicated: 

M X {0}!^1^X X G 
a 

^ $ 
M X I X X X 

By the upper triangle <I>2('^, 0) = 1 and by the lower one $i(m, t) = $i(m, t) = ^{m), 
^2{fn,t)^i{m,t) = ^2i'm',t)(p{m) = ipt{m) . Set UQ{m) := $2(^,1) then Uo^p = ip and 
<l'2(",^) is a homotopy that translates the constant map 1 into mq as required. 

For the second claim note that u = uqw implies mp = uowp> = uop> and is homotopic 
to p>. Conversely, if up> is homotopic to (p then by the first claim there is also a second 
nullhomotopic Uq such that u^, = u^ip. It suffices to set w := Mq^u. □ 

16 



Remark 2. Note that , U(p homotopic does not imply that u is nullhomotopic. Charac- 
terization of such u as products given in Corollary is rather indirect and we will give a 
more explicit one in Theorem^ 

2.3 Characterization of the 2-homotopy type 

We established above that ii ip = mp and u has a special form u = uqw then ip and ip are 
homotopic. If no restriction is imposed on u it is not necessarily so but the restrictions of 
(p, Ip to the 2-skeleton of M are homotopic at least if m is a 3-dimensional CW complex. 
This is in turn sufficient for the existence of such u. This fact is much more complicated 
than Corollary|21 We will prove it by reducing both the lifting problem and the 2-homotopy 
problem to problems in the obstruction theory |Brdl IDK|, |Sp[ I5t] and then showing that the 
obtained obstructions are essentially the same. 

Let us start with the lifting problem. As before given two maps M ^ X define 
M ^-^^ X X X and consider the ratio bundle: 

Q^,i, ■■= i^,ipyQ = {im,x,g) e M X X X G\{ip{m),i){m) = {x,gx)} 
= {{m,g) e M X G\ip{m) = g(p{m)} 

As is obvious from the second representation sections of this bundle M — ^ Q<^,v> C M x G 
have the form a{m) = (m, u{m)) , where ip = mp . In other words they play the role of non- 
existent 'ratios' ip/ip. Hence the problem of finding a lift u is equivalent to constructing a 
section of the bundle Q<^,^ , which is a standard problem in the obstruction theory. 

Let us recall some basic notation following N.Steenrod [StJ. Assume that in a fiber 
bundle F ^ E ^ B the base i? is a Ciy-complex and the fiber F is homotopy simple 
up to dimension n (i.e. t^i{F) acts trivially on 7Tk{B) for 1 < k < n), where n is the 
lowest homotopy non-trivial dimension (i.e. Tik{F) = for 1 < k < n — 1 but 'KniF) 7^ 0). 
This means that there is no obstruction to constructing a section up to dimension n and we 
may assume that i?*-"-* — ^ E is already constructed, here i?*^""-* is the n-skeleton of B . Let 
A C be an {n+1) cell of B which we may assume to be contractible (or even a simplex). 

Then the restriction -E |a is a trivial bundle and we have a trivialization A x F E \ a- 
Let TTi ,7r2 denote the projections to the first and the second factor of Ax F . Then the map 
7T2 o o a : dA — > F defines an element of 7r„(-F) . It turns out that this element does 
not depend on a choice of trivialization and 

c,(A) := [n^' o o a\eA] G vr„(F) (2.8) 

is a 7r„(F) -valued cochain and in fact a cocycle. Its cohomology class E H"'^^{B, 7in{F)) 
is called the primary obstruction to extending a. This cohomology class does not even 
depend on a choice of a on the n -skeleton of B and is an invariant of the bundle E B 
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itself. This invariant is called the primary characteristic class of E and denoted 

x{E) := c„. 

The characteristic class is natural with respect to the puUback of bundles: 

k{^*E) = ip*x{E) 

and the Eilenberg extension theorem claims that a section a can be altered on B^""^ so as 
to be extendable to if and only if Co- = 0. This completely solves the sectioning 

problem when TTk{F) = for n + 1 < k < dimi? (i.e. there are no further obstructions). A 
section exists if and only if >c{E) = 0. 

In our case the bundle in question is if ^ Q<^,i/) M . The fiber is a Lie group so it is 
homotopy simple in all dimensions. The first non-trivial dimension is n = 1 as 7ro{H) = 
by Corollary HI and ^(Qip,^) G H^{M,'7ii{H)) . Since 712(1^) = for all Lie groups and 
dimM = 3 there is no further obstruction and a section exists if and only if >c{Q^p^^) = 0. 
Thus we want to compute this characteristic class. By naturality ^(Qi^,^) = x{{lp,%Ij)*Q) = 
{ip,ip)*x{Q) and we need to compute x for the bundle of shifts. 

Recall from Lemma ^ that Q is isomorphic to the following Borel construction: E : = 
P Xji H with P = G X G and the action 

{H X H)x H ^ H 
((Ai,A2),/i)^A2/iAr^ 

The form of the action suggests that we can 'decompose' E into a combination of two simple 
bundles E and E' , namely 

E:=Px^H with fi{\)h := \h 

and its dual 

E' := P x^, H with fx'{\)h := hX'^ 

(in our case P = G and one can multiply on both sides). We will not explain precisely what 
the 'decomposition' means in this case but it should be clear from the proof of Lemma |21^ii). 

P — > E 

Note that E is bundle isomorphic to P itself by so we write x{P) for >c{E) . 

P I — ' [P, IJ 

Lemma 2. Let P — ^ X be a principal bundle with the structure group H . Define P : = 
{P X P — > X X X) , E , E' , E as above and let vri , Ti2 denote the projections from X x X 
to the first and the second components. Then 

(i) x(P) = >c{E) = -k{E') . 

(ii) // also H^{X, Z) = for < k < n then 

k{E) = ttXP) -7r*x(P). 
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Proof, (i) Note that if cr(x) = [p, h] gives a section of E then a'{x) = [p, h ^] gives a section 

S 

of E'. Also if A ^ PI A is a local section of P then 

AxP^(Px^P)U 

{n{p),f,{X-')f) ^ [pj], with Sa{7t{p))=pX, 
is a local trivialization of the associated bundle. 

We choose a section S'a of P and denote $a, '^'a ^^e corresponding trivializations of 
E, E' . Also if a is the chosen section of E on P^"^ then the a' is the one we choose for 
E' . By definition: 

= (7r(p),^'(A-i)/i-i), ^A(vr(p)) = S^ix) = pX 

= h-\X-~Y^ = (X-^h)-' = {fi{X-^)h)-^ 

In other words, Co-'(A) = [o^-*^] if Co-(A) = [o], with a being a map 9A — > H and [■] 
denoting a class in 7r„(P). But in 7r„,(P) one has [o^^] = — [o] (see e.g. |Dy|) for any a and 
>i{E') = c^, = -c, = -x(P). 

(ii) Under our assumptions the Kiinneth formula and the universal coefficients theorem 
|Brdj imply that 

P"+i(X X X, 7r„(P)) ~ P"+i(X, 7r„(P)) © P"+i(X, 7r„(P)), 

ttIuj* + 7r2u;2 < — i {uJi, UJ2), 

where x h-!-^ (x, Xq), x h-^ {xo,x) for some fixed point Xq G X. Let po ^ -P be any point 
with 7!'{po) = Xq, then 

ilE = {(x, [p,po,/^]) G X X P| (x,Xo) = {n{p),n{po))} 
~ {(x, [p, h]) e X X E\ 7r(p) = x} ~ P' 
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since po is fixed and Ji reduces to fi' on the first component. Analogously, ^2-^ ~ E. 
Therefore from naturality and (i) 

x{E) = T(lilx{E) + 'kIi*^x{E) = TTl>c{tlE) + 7r;x{t*E) 

= 7r*x(E') + tt;h{E) = tt;h{P) - 7r*x(P) 

□ 

The next example gives an application of the primary characteristic class. 

Example 2. Let P be a principal Un = UniC) bundle and Uk < Un sit in it block diagonally. 
Then Un acts on Un/Uk on the left and we have an associated bundle Ek := P (Un/Uk) ■ 
N.Steenrod ^St] defines the k-th Chern class of P as 

Ck{P) := x{Ek-i). 

Equivalence to other definitions is proved in Wh^ (Appendix 1). For k = 1 this is exactly the 
bundle E from Lemma\^ Hence in this case x{P) = Ci(P) G H'^{X,TXi(Un)) — H'^{X,Z). 

In our case P is the quotient bundle G — > X and we write with the usual abuse 

of notation (of course x(G') also depends on H < G). It is easy to compute ^(Qi^,,/,) now 
since Q<^,^ = {(fyipYQ and Q = E ioi the quotient bundle G — > X : 

^{Q<p,i>) = = (v^, by naturality 

= (^,^)*(7rXG) - 7r*x(G)) by LemmaEl 

Corollary 3. Let X = G/H be a simply connected homogeneous space presented as in 
Corollary^ M be a 3 -dimensional GW -complex and M X continuous maps. Then 
a continuous M — ^ G with ip = ULf exists if and only if 

^*k{G) = ^*k{G), 

where x(G) is the primary characteristic class of the quotient bundle G ^ X . 
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Remark 3. In fact the conditions of Lemma\^are satisfied with n = 1 if H is connected 

and X is simply connected (simple connectedness of G is not necessary). Hence Corollary{^ 

can be applied directly to Un homogeneous spaces without reducing them to SUn ones as long 

as the subgroup H < Un is already connected. 

Now we also want to reduce characterization of 2-homotopy type of maps M — > X to 
computing an obstruction. This requires more data from the obstruction theory. Let B be 

a CVT -complex and B F be two maps homotopic on by $ : x / — > F . 

If A C B^"'^ is an n-cell then 

d{A xI)c{Bx {0}) |J(5("-i) X /) \J{B X {1}) 

so $ is defined on it and d{A x /) ^ S*". Therefore we can set 

d^icp,^){A) := [$(a(A X /))] G 7r„(F) 

and this defines a 7r„(F) -valued cochain on B called the difference cochain jSt]. It turns 
out to be a cocycle and its cohomology class 

d{ip,ip) := d^iif,-^) 

does not depend on a choice of homotopy on B^"-~^K Obviously d,j,{ip,ip) G H^{B,nn{F)) . 
The homotopy $ can be extended from ^("-2) to (it may have to be altered on 5^" ) 
if and only if d{ip,'ip) = 0. The difference is natural 

d(ypo/,^o/) = rd(^,^) 

and additive 

Since is always homotopic to itself d{ip, = and additivity implies 

d{ij,ip) = -d{^,i)). 

Now let n be the lowest homotopy non-trivial dimension of F and F be homotopy 
simple up to this dimension. Then any two maps into F are homotopic on and 
d{ip,%l)) is defined for any pair. It is called the primary difference between ip and if) [Si]. 

Theorem (Eilenberg classification theorem). If the primary difference is the only ob- 
struction to homotopy, i.e. 

7rfc(F) = for n + 1 < A; < dim 

then ipjip are homotopic if and only if d{(p,ip) = 0. Moreover, for any uj G H"'{B,7[n{F)) 
and a given B F there is B — ^ F such that d{ip, ijj) = u . 
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In other words, in conditions of the theorem maps are classified up to homotopy by their 
primary differences with a fixed map (y? and their is a one-to-one correspondence between 
homotopy classes and H^{B, 7r„(F)) . In general one can only claim that ip, ip are (ra+g— 1)- 
homotopic, where (n + q) is the next after n homotopy non-trivial dimension of F. In our 
case B = M, F = X, n = 2 since X is simply connected and q = 1 since generally 

speaking vr3(X) 7^ 0. So M X are 2-homotopic if and only if d{(f,^) = 0. 

We can do a little better. For any connected space F there are two special maps 
F — > F: the identity idp and the constant map pt^(a;) = xq & F . The primary difference 
diidF^Vip) only depends on F itself (since all constant maps into a connected space are 
homotopic to each other). This class can also be described more explicitly. If vro(-F) = ... = 
7r„_i(F) = then by the Hurewicz theorem Hq{F,Z) = ... = i/„_i(F,Z) = , if„(F,Z) ~ 
TTn{F) and by the universal coefficients theorem 7r„(F)) ~ Hom(i7„(F, Z), 7r„(F)) . 

Let TTn{F) — > Hn{F,Zi) be the Hurewicz isomorphism. The basic class hp & 7r„(F)) 

is the class that corresponds to the homomorphism Z) — > vr„(F) under the above 

isomorphism. 

Definition 4 (The basic class). The basic class hp E H"{F,7Cn{F)) is the cohomol- 
ogy class that maps every homology class in Hn{F.,'L) into its image in T^n{F) under the 
Hurewicz isomorphism (hp is also called fundamental or characteristic class of F by some 
authors ]DB. IM3 TO- 

Note that (i(idi?,pt^) G H^{F,nn{F)) as well and one can show [St| that 

d{idF,ptp) = hp 

Now let H X be any continuous maps and M — ^ X be a constant map. Then by 
naturality and additivity 

= d{ip, ptM,x) - d{^, PtM,x) 9) 

= d{idx oip, ptx oip) - d{idx oip, pt^ oip) 

= ip*d{idx, ptx) + ^*d{idx, ptx) = 'f*'^x - ^*bx- 

Corollary 4. In the conditions of Corollary 2 the maps ip, ip are 2-homotopic if and only 

if ip*hx = ^*hx ■ 

This condition has the same form as in Corollary IHl with >c{G) replaced by hx ■ The 
next example demonstrates a relation between the two classes in a simple case. 

Example 3. The complex projective space CP" can be represented as SUn+i/Un ■ Since 
7r2(CP") ~ Z the basic class bcP" G if2(CP", 7r2(CP")) ~ H'^{CV,Z) is just the generator 
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of the second cohomology under this identification - the Poincare dual of the hyperplane class. 
On the other hand, by Example\^ x{SUn+i) = ci{SUn+i) and the first Chern class of this 
bundle is also known to be the generator (under the identification 7ri(f/„) ~ I.BT) /. Hence 
with the above identifications we must have x(5'f/„4.i) = ±bcpn • 

In general, x(G') G H^{X,ni{H)) and hx e H^{X,n2{X)) but from (Q we have 
7ri(if) ~ Tr2{X) under the connecting homomorphism. The rest of this section is denoted 
to estabhshing that x(G) = —d o hx ■ Since the connecting homomorphism in this case is 
an isomorphism once the relation is established Corollaries I3I4I directly imply 

Theorem 6. Let X be a compact simply connected homogeneous space and M a 3 -dimensional 
CW complex. Then three conditions are equivalent for continuous M X : 

(i) (f , ip are 2-homotopic (i.e. homotopic on the 2 -skeleton of M); 

(ii) il)*hx = (p*hx e H'^{M,TT2{X)) , hx is the basic class of X ; 

(iii) There exists a continuous M — ^ G such that ^ = u^p , where X = G / H as in 
Corollary 1. 

Note that equivalence of the first two conditions is just a particular case of the Eilenberg 
classification theorem. An additional notion we need to tie x(G') to hx is the transgression 
[DKllHWllMTl |g§IF^. 

Definition 5 (Transgression). Let F ^ E B be a fiber bundle and A an Abelian 
group. An element a G H'"'{F,A) is called transgressive if there are cochains ^ G G"'{E,A) 
and Tj e C"+^(5,A) such that 

i*^ = a 

(2.10) 

6^ = Tc*r], 

where the bar denotes the corresponding cohomology class and 6 is the cohomology differen- 
tial. When a is transgressive classes r'^a := fj E H"'^^{B,A) are called its (cohomology) 
transgressions. 

Dually, an element a G Hn+i{B,A) is transgressive if there exist chains w G Gn+i{E , A) 
and V G C„(F, A) such that 

= a 

(2.11) 
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with 5 denoting the homology differential. Any r^a := t; G Hn{F,A) is called a (homology) 
transgression of a . 

Note that 7[*{6ri) = 5{'K*ri) = 5'^^ = and Srj = since tt* is injective on cochains. 
Analogously, dv = so taking f], v makes sense. Also note that rj (respectively w , v) 
when they exist may not be unique and hence r*, really map into a quotient of the 
cohomology (homology) group. For the case of homology we are only interested in the case 
A = Z. There is an A-valued pairing (the Kronecker pairing |DKp between H*{Y,A) and 
H^{Y, Z) given by evaluation of cochains on chains, and are dual to each other with 
respect to this pairing. Indeed, when a, a are transgressive 

T*a{a) = ri{Tww) = 'K*r]{w) = 6^{w) = ^{dw) = ^{t^v) = t*C{v) = «*^(U) = a(r#a) (2.12) 

One has to be careful with the ambiguity in r* and r^f^ in ()2.12|) . in general it only says 
that r*a, r^a can be adjusted so that the equahty holds. 

Unlike the connecting homomorphism 7r„+i(i?) — ^ vr„(F) which is everywhere defined 
and unambiguous the homology transgression in general maps from a subgroup of 
if„+i(i?,Z) to a quotient of if„(F, Z). In a sense it 'imitates' the non-existent connect- 
ing homomorphism in homology |DKj . More precisely, spherical classes in if„+i(i?,Z) are 
always transgressive and the diagram 



TT, 



n+1 



d 



vr„(F) 



B 



(2.13) 



iJ„+i(fi,Z)^/7„(F,Z) 

commutes. Here Tis, Tip are Hurewicz homomorphisms and it is understood that Ttrid^z)) 
is just one of transgressions of TCb{z) . Commutativity can be established by inspecting the 
definitions of r# and d (see |Huj ). 

There is a case when the transgression is unambiguous. When H^{B, A) = for < i < 

k and W{F, A) = for < j < / a result of J.-P. Serre says that i7"^(F, A) ^ H'^+^B, A) 
is well-defined and one has the Serre exact sequence iHWl iMTj : 

H\B,A) ^ H\E,A) ^ H\F,A) ^ H''{B,A) ^ ... ^ H^+^-\F,A). 

(2.14) 

Analogous statement is also true for the homology transgression. Conditions of the Serre 
exact sequence are satisfied in particular if n, n + 1 are the lowest homotopy non-trivial 
dimensions for F and B respectively and k = n+ l,l = n. In this case one has the 
following [St] (see also |BHj, Appendix 1): 

Theorem (Whitehead transgression theorem). Let F "—^ E — ^ B be a fiber bundle 
with the fiber F being homotopy simple up to dimension n and let n, n + 1 be the lowest 
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homotopy non-trivial dimensions of F and B respectively. Then the primary characteristic 
class of E is transgressed from the minus basic class of F , i.e. 

k{E) = -r*hp e H^+\B, nn{F)) (2.15) 
Using ()2.15|) it is not difficult now to relate x(-E') also to the basic class of B. 

Corollary 5. In conditions of the Whitehead transgression theorem 

k{E) = -dohB, (2.16) 

where 7r„+i(i?) — ^ vr„(F) is the connecting homomorphism (cf. \Nk^ ). 

Proof. By the universal coefficients theorem |Brdj : 

Ext{Hn{B, Z), TXniF)) H'^+^B, 7in{F)) Hom(if„+i(5, Z), 7r„(F)) 

is exact and since n + 1 is the lowest homotopy non-trivial dimensional of B the group 
Hn{B, 7j) = and the Ext term vanishes. Hence the elements of H''^^'^{B,'KniF)) are 
completely determined by their pairing with integral homology classes. By the Serre ex- 
act sequences both transgressions if"(F, 7r„(F)) ^— > //"^^(i?, 7r„(F)) and Hn+i{B,Z) — ^ 
Hn{F,Z) are unambiguous. Thus using ()2.12|) . ()2.13|) and ()2.15|) we have 

x{E){a) = -T*hF{a) = -bF(r#a) = -Hp^r^a) = -d{HB^{a)) 
= -d{hBia)) = -do bij(a). 

Since a G //„+i(i?,Z) is arbitrary (all elements are spherical by the Hurewicz theorem and 
hence transgressive) we get ()2.16|) . □ 

In our application the bundle is H ^ G — > X = G/H and n = 1 since H is connected. 
Therefore, 

x(G') = -dohx e H'^iX, ni{H)) 

as required for Theorem IHl 
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2.4 Secondary invariants and the homotopy type 



By the Eilenberg classification theorem maps M — X are 2-homotopic if and only if they 
have the same puUbacks of the basic class hx ■ This pullback ip*hx is known as the primary 
invariant of a map (p. If 7r3(X) = then 2-homotopy type gives the entire homotopy type 
(recall that we only consider a 3-dimensional M), otherwise some secondary invariants 
have to be specified. Unlike in the case of the primary invariant these classical secondary 
invariants require a pair of maps to be defined and the definiton is not constructive |Bo| IMTj . 
This is inconvenient for our purposes so we use the following bypass. As was proved in 
Section 12.21 a continuous map ip = uip is homotopic to (p if and only if u = Uquj with a 
nuUhomotopic Mq and wcp = (f. In this section we derive an explicit characterization for 
such u in terms of u*hG, where he is the basic class of G. In other words, we are using 
u*hG as a secondary invariant of a pair ip, if while for the lift m it is a primary invariant 
and is defined straightforwardly. 

Let (M, G) denote the space of continuous maps M ^ G and (M, G)ip the space of 
maps M — > X that have the form u(f for u G (M, G) . We denote further 



Stab^ := {w e {M,G)\w(p = if} 
and call it the stabilizer of ip . Then one has the following fibration 

(M,G)^iM,G)^ 
u I— >■ uip. 



(2.17) 



If v(p = uip then w :- 



u 



G Stab<^ and the fiber of this fibration is exactly the Stab, 



To show that this is indeed a fibration we follow an idea from 
need to complete the diagram as indicated 



By definition )Brd] we 



A X {0} 



Ax I 



f 



{M,G) 



n 



{M,G)ip 



(2.18) 



where I := [0,1]. Set Fo(m, a) := Fo(a)(m) and f{m,a,t) := f{a,t){m). Recall from 
Lemma ^ that the bundle of shifts ()2.4|) is a fiber bundle and therefore a fibration so the 
following diagram can be completed as indicated: 

(M X A) X GxX 



a 



{M X A)x I 



XxX 
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Inspecting the definitions of Fq , / one concludes tliat tlie original diagram can be completed 
as well using $. 
Denote 

[M,G] :=7ro((M,G)), 
[(M,G)(/.] :=7ro((M,G)v9). 

Using the homotopy exact sequence of the fibration 

Stab^ ^ (M, G) ^ (M, G)^ 

which is 

7ro(Stab^) ^ 7ro((M,G'))7r, 7ro((M,G)(^) 0. 

one gets 

[{M,G)^] ~ — ^^''^] . means bijection). (2.19) 

«*7ro(btab^) 

Note that [M, G] is the set of homotopy classes of continuous maps M — > G and [(M, G)(p\ 
is the set of homotopy classes of continuous maps into X = G/H 2-homotopic to (f by 
Theorem IHl 

If G is compact simply connected 7ri(G) = 712(G) = and it follows from the Eilenberg 
classification theorem that 

[M,G]c::^H%M,n,iG)) 
[u] I — > U*hG 

is a group isomorphism. Under this isomorphism the subgroup z*7ro(Stab(p) = 7ro(2(Stab(p)) 
is mapped into a subgroup of if^(M, 713 (G)) that we denote O^, i.e 

:= {w*hG I w G Stab^} < H^{M,ns{G)). (2.20) 

With this notation ()2.19p becomes 

[(M, G)^] ^ H\M, ns{G))/0^. (2.21) 

Although the definition ()2.20|) uses the map cp explicitly we will show that in fact this 
subgroup only depends on its 2-homotopy type. To this end we need the following Lemma 
which essentially follows from the Hopf-Samelson theorem |Dy[ IWCjj : 

Lemma 3. Let 7ri,7r2 be the natural projections from G x G to the first and the second 
GxG^G 

factor and be the multiplication map. Then 

(91,92) I — > 9i92 

m*hG = 7r*bG + 7r*bG, (2.22) 
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and given two maps M G 

{u ■ vyhc = u*hG + v*hG. (2.23) 

Proof. Since G is simply connected by the Kiinneth theorem 

H3{G xG,Z)= Hi{G, Z) X 1 + 1 X H^iG, Z), 

where 1 G Hq{G,7j) is the class of a point (and one can take 1 G G) and x is the cross- 
product of homology classes |Brd[ |Dy| . By the universal coefficients 

^ Ext{H2{G X G, Z), 7r3(G')) ^ H%G x G, irsiG)) Hom(i73(G x G, Z), 7r3(G)) ^ 

and the first term vanishes since H2{G x G,7j) = 0. Thus elements of H^{G x G, Z) are 
determined by evaluation on homology classes and 

rrfhc^z x 1 + 1 x w) = hG{m.;,{z x 1 + 1 x w)) = hdz + w) 

= hGinu{z X 1) + 7r2*(l x w)) 
= bG(7ri*(2; X 1 + 1 X w) + it2*{z x 1 + 1 x w)) 

since 7ri*(l x w) = Ti2*{z x 1) = 
= (TT^bc + TilhG){z X 1 + 1 X w) as claimed in ()2.22|) . 

Furthermore, 

{u ■ v)*hG = {mo (m, v))*hG = {u, t;)*(7r*bG + VTabc) = u*hG + v*hG 

as claimed in ()2.23|1 . □ 

Corollary 6. only depends on the 2-homotopy type of ip or equivalently on ip*hx and 
not on if itself. 

Proof. By Theorem IHl ijj is 2-homotopic to if if there is M — ^ G such that ijj = ULf. 
Therefore 

Stab^ = {w\w^jJ = tjj} = {w\wuip = uip} = {w\u^^wu G Stab^^} = u(Stab^p)u~^ 
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Therefore by the definition (j2.2Uj) 



O^p = {w*hG\w E Stab^} = {(uw'u ^yhclw' E Stab;^} 

= {u*hG + {w'yhc — u*hG\w' E Stab^} = (9^ by Lemma 01 



□ 



Hence = O^p^^x since every x E H'^{M,7i2{X)) is presentable by a one can 
talk about O^. 

Summarizing the above discussion we conclude: 

Theorem 7. Two continuous maps are homotopic if and only if ijj = ucp and 

u*hG E O^p for some M ^ G . 

It is instructive to compare this characterization to the classical one given by the Post- 
nikov classification theorem |Bo| IPs [ rW.Tj . Its formulation uses a homotopic operation known 
as the Whitehead product t^2{X) x 7r2(X) — > t^z{X) |Brd[ IWfl to define a cup product 
of 7r2(X) -valued cohomology classes and a cohomology operation known as the Postnikov 
square Ps : ifi(M, 7r2(X)) H^{M,t:^{X)) INldl IP^ IWJ] . 

Theorem (Postnikov classification theorem). Let M he a ?> -dimensional CW-complex 
and X a connected simply connected complex of any dimension. The two continuous maps 
M^X are 2-homotopic if and only if 'ijj*hx = ^*hx ='■ X- There exists ip homotopic to 
ip on M and equal to (f on the 2 -skeleton. The primary difference d{ip,ip) E H^{M,7T3{X)) 
is then defined and independent of a choice of such ip . The maps ip, (p are homotopic if and 
only if there exists a E H^{M, n2{X)) such that d(Lp, ip) = >c ^ a + Ps(a) . In particular, 

As one can see from the Postnikov theorem the definition of the classical secondary 
invariant requires the map ip to be 'preconditioned' by a 2-homotopy and we are not aware 
of a more explicit procedure for defining it. Also notice that the classical invariant takes 
values in H^{M,tt3{X)) whereas u*hG E H^{M,'k^{G)) . The relation between the two can 
be derived using that 773 (X) ~ t:^{G) /i^n^^H) by ()2.3p . in particular if i^n^^H) = as in 
the case of Ui in SU2 our invariant can be identified with the classical one. For M = all 
maps are 2-homotopic to the constant map and the secondary invariants can be given for 
a single map rather than a pair by fixing (f to be the constant map. If also X = SU2/U1 
both definitions give the classical Hopf invariant. 
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For applications in Chapter 0] it is convenient to reinterpret the basic class and the 
secondary invariant in terms of the deRham cohomology. Let us start with the group 
H^{G, 713(0)) . Recall that we assume that G is compact connected and simply connected. 
By the universal coefficients theorem |Brd| IDK] the following sequence is exact: 

— > Tot{H\G, Z), TfsiG)) — > H%G, 7:3(0)) — > H%G, Z) ® 7r3(G) — > 0. 

Since G is a simply connected Lie group H'^iG, Z) = and the torsion term vanishes so 

H\G,7X3{G))^H\G,'L)®^3{G). 

Since G is also compact it is a direct product of simple components G = Gi x ■ ■ ■ x Gn 
and therefore 

7r3(G') ~7r3(G'i)©---©7r3(Giv). 
The sum on the right ~ because 7T3{T) ^ Z for any simple Lie group F |BtDj . Thus 

H^{G, 7r3(G)) ~ H'\G, Z) ® Z^ 

Both third cohomology groups H^{G,'L), H^{M,7j) are free Abelian, the ffist one by the 
Hurewicz theorem and the second by Poincare duality since M is a closed connected 3- 
manifold (if M is not orientable H^{M,Z) = 0). This means that not only are elements of 
H^{G, Z) ® Z^ completely represented by integral classes in H^{G, M) ® but also that 
their pullbacks are completely characterized as integral classes in H^{M, M) ® M^. But real 
cohomology classes from H^{G, M) are represented by -valued differential 3-forms 

by the deRham theorem |GH ■ 

Let be a differential form that represents ho- Being M^-valued it is a collection 
9 = (9i,...,9Ar)ofA^ scalar 3-forms and the puUback 

u*e ■= {u*ei,...,u*eN) 

is defined as a vector-valued 3-form. We can go one step further. Assuming M orientable 
H^{M,1j) ^ Z and again by the universal coefficients: 

H^{M, 7T3{G)) - H'\M, Z) ® 7r3(G') ~ H^{M, Z) ® Z^ ~ Z^. 

The last isomorphism is given by evaluation of cohomology classes on the fundamental class 
of M or in terms of differential forms by integration over M jGHVj . Thus we get a combined 
isomorphism 

i/3(M,7r3(G'))^Z^ 

u*hG ^ [ u*Q := ( / M*ei, ...,/" u*Qn). ^^-^^^ 



MM M 

Under this isomorphism the subgroup O^p < H^{M,7C3{G)) is transformed into a subgroup 
of Z^ and we denote its image by the same symbol, explicitly 

0^ :={J w*e I w e Stab^} < Z^. (2.26) 

M 

Now Theorem [7| can be restated as 
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Corolleiry 7. Two continuous maps are homotopic if and only if if) — u(p and 

J u*Q e for some M^G. 

M 

If M is not orientable then the secondary invariant is always 0. 
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Chapter 3 

Gauge theory on coset bundles 



As we know from the previous chapter 2-homotopic maps M X into a homogeneous 
space X = G/H are related by a 'hft' M — > G, namely ip = uif. Therefore if we want to 
minimize a functional within a given homotopy type we can fix a reference map to fix a 
2-homotopy type and consider all maps of the form uip. 

As was demonstrated in |AKlj it is even more convenient to work with the 1-form 
a = u^^du instead of u for a number of reasons. First, unlike maps M — > G differential 
forms form a linear space that allows straightforward definition of Sobolev spaces. Second, 
a can be interpreted as a gauge potential of a pure-gauge connection on M x G and the 
Faddeev-Skjnrme functional admits a very nice representation in these terms that allows 
use of technics from the gauge theory. Finally, the stabilizer subgroup of the reference 
map Stabip := {w : M — > G\w^p = ip} turns out to be isomorphic to the group of gauge 
transformations of the quotient bundle H ^ G ^ G / H pulled back by ip (Lemma IE]) ^. 
This fact is very useful in the description of secondary invariants. All of this leads to the 
idea of restating the whole problem in terms of gauge theory on the quotient bundles and 
their puUbacks that we call coset bundles. 

Note that trivial bundles can be seen as pullbacks of the one-point quotient bundle 
G G — pt. Quotient bundles are distinguished from general principal bundles by 
having a group as the total space. This leads to many nice constructions on their pullbacks 
analogous to constructions on trivial bundles and not available in the general case. Two 
examples are invariant connections and untwisting of gauge potentials (see Definition IT^ . 

After introducing some general notions and fixing the notation we devote the rest of this 
chapter to description of these constructions. It turns out that gauge potentials on Lp*G can 
be realized as g-valued (not just bundle-valued) forms on M and we derive formulas for the 
gauge action and curvature in this representation (Theorem IH}. As a consequence we can 
interpret the coisotropy form uj-^ in terms of the simplest invariant connection Y>''^^{g~^dg) 

^By abuse of notation we use the symbol for the total space to denote a bundle, for instance if*G denotes 

a puUback of a bundle H ^ G ^ G/ H regardless of what H is. 
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on Lp*G (Corollary ED- 



3.1 Connections on principal bundles 

In this section we fix the notation and list some basic facts and formulas about Lie algebra 
valued, matrix valued and connection forms for future reference (see |BJVH IFUI IGHV| IMMj 
among others). 

Let E be a Euclidian space and End(E) the algebra of linear operators on it. Exterior 
fc-form is a multilinear antisymmetric map E*-' ^ M, the space of such forms is denoted 
A'^E and \a\ := k is called the degree of a. If M is a smooth manifold then a differential 
/c-form a is an assignment of an exterior fc-form to each tangent space T^M , that 
varies smoothly with m E M , the notation is r{A^M). Smooth here means C°°, however 
we will later use Sobolev spaces of forms such as and W^'"^ . If M is replaced by End(E) 
as a set of values we talk about matrix valued forms instead of scalar ones and denote their 
space r(A^M End(E)) . For each form a we define its differential r(A'=M (g) End(E)) ^ 
r(A'=+iM (g) End(E)) by 

k+1 

da{X,, Xfc+i) := 5];(-l)*+^X,«(Xi, . . . , X„ . . . , Xk+i) + 

i=l 

k+1 

+ J] (-ir+%([X„X,],Xi,...,X„...,X,,...,Xfc+0 (3.1) 

i<j=l 

where as usual Xj are vector fields, Xf is the derivative in the direction of X of a function 
/ , [X, Y] is a bracket of vector fields and X means omission. For each pair of forms we 
define the wedge product T{A^M ® End(E)) x r(A'M (g) End(E)) ^ r(A'=+'M O End(E)) 

a A /3(Xi, . . . ,Xfc+,) := ^ sgn(cr)a(X^(i), . . . , X^(fc))/5(X^(fc+i), . . . , X^(fc+i)) (3.2) 

where Sn is the group of permutations of n elements and sgn(cr) is the sign of a permutation, 
and the graded commutator 

[a,/?](Xi,...,Xfc+i) := ^ ^ sgn((T)[a(X^(i),...,X^(fc)),/3(X^(fc+i),...,X<,(fc+;))] (3.3) 

with [^, rj] := ^rj — rjS, in End(E) . Note that for scalar forms always [a, /?] = 0. If g is a Lie 
algebra then one may consider g-valued forms a G r(A'^M (g q) with the differential ()3.ip 
and the graded commutator ()3.3p . where [i,rf\ means the Lie bracket in q but the wedge 
product is no longer defined. To help this note that by the Ado theorem there is always a 
faithful representation g ^ End(E) ^BtD j that can be used to define (|3.2p . Of course in 
general a f\ {3 is no longer g- but only End(E) -valued. 
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If G is a Lie group with the Lie algebra g then the adjoint action of G on g extends to 
forms 

(Ad,((?)a)(Xi, . . . , Xfc) := Ad,(^7)(a(Xi, . . . , X^)). (3.4) 

If G is a compact Lie group then it also has a faithful representation G ^ End(E) which 
induces the corresponding representation g "—>■ End(E) and this is always the one we use. 
The following properties are more or less straightforward from the definitions (see [BMj): 

Wedge-commutator relations 

(i) (a A /?) A 7 = a A (/? A 7) 

(ii) [a,(3]=aAf3- (-l)l"ll^l/3 A a 

(iii) [f3,a] = -i-lp^^^[(3,a] 

(iv) a Aa = l/2[a, a] 

(v) [a A a,a] = [a,a A a] = 
Cancellation formula 

(vi) [[a,P],P] = [a,PAP], \P\odd (3.5) 
Adjoint action 

(vii) Ad,(^)(a A /?) = (Ad, ((?)«) A (Ad,(^)/?) 

(viii) d{Ad^{g)a) = Ad^{g){da + [g~^dg,a]) 
Product rules 

(ix) d{aAp) = daAP + (-l)l"la A dp 

(x) d[a,(3] = [da, (3] + (-1)1°! [a, c//?] 

(xi) d{a A a) = [da, a] = —[a, da], \a\ odd. 

It is worth pointing out that by ()3.5p fiii) for forms of odd degree one has contrary to the 
intuition 

[a, /3] = a A /3 + /3 A a. 

Again for forms of odd degree the wedge square a A a is invariantly defined by (|3.5|) fiv) 
although in general a A /? is not g-valued and depends on a choice of representation for g. 
If a is a g-valued form and $ is an End (g) -valued one then $ A a can be defined by the 
expression ()3.2j) if 'multiplication' there is interpreted as application of an operator from 
End(g) to an element of g. The product rule ()3.5|) fix) still applies but generally speaking 
fHTHli m fails: ($ A a) A /3 7^ $ A (a A /?) . 

Given a Lie group G its Lie algebra g is canonically identified with the tangent space at 
identity TiG. Left action of G on itself also gives a canonical isomorphism between g = TiG 

and TgG for any g & G. Namely, if L^g := 'yg then the isomorphism is TiG TgG and 
we write abusively g^ := Lg^^ for ^ G g, (7 G G. One then gets a tautological g-valued 1- 
form 9l on G: O^lgC,) '■= ^- It is traditionally denoted g~^dg and called the (left-invariant) 
Maurer-Cartan form for it satisfies L*6l = Ol for any g & G. Analogously one can define 
the right-invariant form 6r = dgg~^ using the right action of G on itself. 
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Let H P M be a smooth principal bundle with the structure group H (see 
Definition 12)), f) be the Lie algebra of H and Rh denote the right action of if on P (G is 
reserved since for the quotient bundles we have P = G). 

Definition 6 (Connection forms). An I) -valued l-form A G r^(A^P®f)) on P is called 
a connection form if 

lyA = h~^dh 

(3.6) 

2)RIA = Ad,{h-^)A 

According to this definition the Maurer-Cartan form g~^dg is a connection form on the 
principal bundle G ^ G — > pt over one point. If H Q — > N is another if -bundle and 
Q — ^ P is a morphism of if -bundles, i.e. f{qh) = f{q)h then a connection form A on P 
pulls back to a connection form f*A on Q. Automorphisms of P that cover the identity 




(3.7) 



are called gauge transformations and form a group denoted Aut(P) or Q{P)- The above 
remark gives an action of gauge transformations on the space of connection forms. 

Definition 7 (Curvature forms). Given a connection form A on P the I) -valued 2 -form 
F{A) := dA + A A A is called the curvature form of the connection A. Any curvature from 
satisfies 

lyF(A) = (F(A) IS horizontal) 

(3.8) 

2)RIF{A) = Ad^{h-^)F{A) (F{A) is equivariant) 

Let Aq be a fixed reference connection on P and A be an arbitrary one then the difference 
A — Aq is also horizontal and equivariant. Unlike the connection forms themselves that only 
form an affine space the differences A — Aq form a linear one. Horizontality implies that if 
X e TpP is a lift of X G T^M with 7r(p) = m, i.e. ttJC = X the value {A - Ao)(X) only 
depends on X and not on a choice of the lift. This property allows one to descend forms 
on P to forms on M. If the value were also independent of a choice of p in the fiber over 
m (invariance) we could obtain an f) -valued form on M. As it is however, one has to deal 
with bundle-valued forms. 

Consider the following Borel construction (see (j2.5|) or pffusj ). The structure group H 
acts on i) on the left by the adjoint representation Ad* and we set Ad*(P) := P x Ad. f) • This 
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is a vector bundle over M with fibers isomorphic to the Lie algebra f) . Bundle-valued forms 
are defined in the same way as End(E) -valued ones in the beginning of this section except 
am now takes values in the corresponding fiber Ad*(P)m of the bundle. The notation is 
a e r(A'=M® Ad,(P)). 

Definition 8 (Gauge potentials). The gauge potential a of a connection A on P with 
respect to a reference connection Aq is an Ad^:{P) -valued 1-form on M given by am{X) : = 
[p, {A — Aq){X)], where tt{p) = m and X is an arbitrary lift of X to TpP . 

One can check that taking ph instead of p gives the same value. There is one-to-one 
correspondence between the gauge potentials and the connection forms but the fact that 
they are bundle-valued is a nuisance. For coset bundles we will give a different presentation 
of connections by 'untwisted' gauge potentials that are g-valued forms {not [) -valued forms) 
in Section EISl 

The gauge transformations can also be described in a similar fashion. Since H acts on 

the left on itself by the adioint action we can set AdP := P x \^ H . 

Elements of a fixed fiber form a group under the multiplication [p, hi] ■ [p, h2] := [p, hih2] 
and therefore so do the sections of AdP. There is an isomorphism Aut(P) ~ r(AdP) and 
both groups are known as the gauge group of P jMMj . 



3.2 The coisotropy form 

In this section we introduce the coisotropy form of a homogeneous space that plays a central 
role in our formulation of the Faddeev-Skyrme energy. On a Lie group one has two canonical 
forms, the left -invariant one g~^dg and the right-invariant one dg g~^ . Note that the 
latter although not invariant under the left action is however left Ad*-equivariant, i.e. 
L^^{dg g~^) = Ad^{'y)dg g~^ . On a homogeneous space G/H we only have left action of the 
group G and although it is impossible to define a meaningful -valued left-invariant form 
on G/if it is possible to define a left-equivariant one at least when G admits a bi- invariant 
Riemannian metric (e.g. when G is compact |BtDj ). This form is our coisotropy form and 
it reduces to dg g~^ when H is trivial. 

We start by fixing a bi-invariant Riemannian metric on G. On the Lie algebra g of G 
identified with the tangent space TiG this metric induces the isotropy decomposition 

= [) © f)^ 

with f) being the Lie algebra of H . Since the metric is bi-invariant 

(Ad,(^?)e,Ad,(^?)r/) = (e,r7). 
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If A* denotes the adjoint of A with respect to the metric then 

(Ad,((7))* = Ad,((7)-i = Ad,((7-^). 

In other words, Ad,,(5') is an isometry on g for any g ^ G . U h & H then Ad{h)H C H and 
by differentiation Ad*(/z)f) C f). With Ad*(/i) being an isometry it also yields Ad*(/i)f)^ C 
t)^ and both subspaces of the isotropy decomposition are Ad^,(iJ) -invariant. If prj^, prj^x 
denote the corresponding orthogonal projections then the invariance implies that Ad*(/i) 
commutes with both of them. 

Now the adjoint action ad of q on itself is the derivative of the Ad* action of G on g 
and the isometric property translates into 

ad^ = — adg 

for any ^ G g and we also have that P), P)"*" are invariant under ad^. Since ad^r] = [^,77] the 
invariance can be expressed as 

[f),f)]c[), hi)^]c[)^. (3.9) 

The coset space X = G/H inherits a metric from G by the Riemann quotient con- 
struction |Pej. If G ^ X is the quotient map set {S,T)x '■= {S,T)g, where S, T 
are the unique lifts of S", T to TG that are orthogonal to the kernel of the projection 
TG — ^ TX . Bi-invariance implies that (■, ■)x is invariant under the left action of G on X: 
{Lg^S,Lg^T)x = {S,T)x- Moreover, G is the isometry group of the Riemannian manifold 

X daiEii- 

Let Xq := IH = 7r(l) G X then the projection g = TiG T^qX identifies f)^ with the 
tangent space to X at xq. Left action of G on X allows one to extend the isomorphism 
of f)^ to an arbitrary T^X but since there is more than one way to present x as gxo this 
isomorphism is not canonical. Note that every vector in T^X has the form gin^,^) for 
^ G g = TiG (we take the liberty of writing gT instead of Lg^T). 

Definition 9 (The coisotropy form). The coisotropy form uj-^ G r(A^X ® g) of X is 

uJ^{9{^*0) ■■=AdMP^±iO (3.10) 

or equivalently 

T^*u^:=Kd,{g)w^^{g~^dg). (3.11) 

There is another description of the coisotropy form that makes it more transparent that 
it is well-defined (does not depend on a choice oi g in x = gxo). It uses the isotropy 
subalgebra of a point. Recall that the isotropy subgroup of a point x G X is 

Hx := {7 G G\'yx = x}. 
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If X = qxq = gH then 'ygH = gH is equivalent to 7 G Ad{g)H and 

= Ad{g)H, X = gH. 

By analogy we define the isotropy subalgebra i)x of x E X and the coisotropy subspace l)^ : 

:= Ad,(^)f), x = gH 
f)^:=Ad,((7)f)^ 

This is well-defined since Ad^{gh) = Ad^,{g)Ad^{h) and both are Ad^,(iJ) -invariant. 

Moreover, (|3.9|) implies 

Cf),, %,i)^]ci)^. (3.12) 

Here is a more geometric interpretation. In the same spirit as gT denotes the action of an 
element of G on a tangent vector in X we can write for the action of a vector in g on 
a point in X . Both are induced by the left action of G on X and rigorously 



t=o- 



Since G acts transitively, for each x G X the map ^ ^ C,x is onto T^X and its kernel is 
exactly the isotropy subalgebra i)x ■ The next lemma establishes some important properties 
of the coisotropy form. 

Lemma 4. (i) uj-^ is well-defined and 

a;^(ex)=pr^x(0. (3.13) 

(ii) L*uj-^ = Ad^{'y)u-^ , i.e. oj-^ is left-equivariant. 

(iii) |a;^(5)| = \S\ for any S e TX . 

Proof, (i) Since G T^X it has the form 

g{TT^O =^x = igH = g^H, 
where x = gH. Thus one can take ^ = Ad^{g~^)^) . Now by ()3.10|) 

u^i^x) = co^igiTT^O) = Ad,ig)piu40 = Ad^ V^4^M9~')0 (3-14) 
By linear algebra if m is a subspace of a Euclidian space and U is an isometry then 

prum = Upr^U* = Upr^U^^ 
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and since Ad^{g) is an isometry we obtain from (|3.14j) 

u^i^x) = prAd,(3)f,x(0 = Pi^f,^(0 

as required. Since the last expression depends only on a; G X and not on (7 G G we conclude 
that u;-'" is well defined. 

(ii) Since in our notation L^^S = •jS: 

= Ad,(7)(Ad,(^)pr^x(0) = Ad,(7)a;^(^7(7r4)). 

(iii) Since Ad,,(7) is an isometry and the metric on X is left-invariant it suffices to check 
the equality for a; = xq , (7 = 1 . But there the lift of 5 = n^C, is exactly S = pr(j±(^) since 
Kervr* = [). Therefore by definition of the Riemann quotient: 15*1 := l^l = |ct;-'-(S')| . □ 

Remark 4. For most of the above it would have been sufficient to fix an Ad*(if ) -invariant 
m G g which is coisotropic, i.e. g = f) + m (direct sum). With a bi-invariant metric 
one just takes m = f)-*" . In general, closed subgroups of Lie groups that admit existence 
of such a subspace are called reductive lAr\ \BC\ \KNf . Obviously, in a compact Lie group 
every closed subgroup is reductive. We chose to use a metric since we need it to define the 
Faddeev-Skyrme functional anyway. 

As one can see from LemmalUthe coisotropy form is just a way to rewrite tangent vectors 
on X as vectors in q in an algebraically nice way (the Maurer-Cartan form dg g~^ plays 
the same role on G). The next example gives a more explicit description in the case of 
CPi = SU2/U1. 

Example 4 (The coisotropy form of CP"*^). Recall that SU2 is represented by 

SU2 = { \ \ z,wG C, + = 




Ui = { \ z eCAz\ = l} < SU2 
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z w \ 

It is convenient to use the isomorphism | i — > z + wj & M with the algebra of 
quaternions and use the quaternionic notation. In this notation 

G = su2 = {qe e| |g| = 1} 

H = U^ = {qeC\ \q\ = l} 

(3.15) 

g = SU2 = { g e H| Re(g) = 0} = ImH 
(3 = ui = { g G C| Re(g) = 0} = ImC = « 
There is a useful embedding 

cp^ ^ e 

qUi I— > qiq^^ = Ad^{q)i 

with the image 

r(CP^) = = {qe Ime| |g| = 1} C ImH = Q 

and it is convenient to identify CP^ with this image. 

We will now compute the coisotropy form under this identification. Since by Lemma^ii) 
Lj-^ is left-equivariant it suffices to compute it for xq = 7r(l) that is mapped into i under r . 
Differentiating r one gets 

^xo I — >[^,i] 

where as usual TiS"^ is identified with a subspace in ImH. Therefore by Lemma^i) 

1 1 

Hence if we identify T;j.^CP^ with T^S"^ and write uj^ as a form on ImH it becomes oj^{rj) = 
^irj . Analogously identifying T^CP^ with Tt-(^^)S'^ C ImH and using the left equivariance 
we get u!^{^x) = |r(x)(r^,(^x)) . Thus 

u;f{v) = lqv, q^S', iieT,S\ (3.16) 
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Geometrically this means that takes half of a vector in a tangent plane to S"^ and rotates 
it by 90" counterclockwise in that plane. The resulting vector is interpreted as an element 
of Q = ImH = R^. 

Although we do not reflect it in the notation uj-^ depends on a choice of presentation 
X = G/H and a choice of a bi-invariant metric on G. We want to investigate this depen- 
dence now. Recall that in Section 12.11 assuming X simply connected we used the following 
operations on G to obtain the presentation of Corollary ^ 

1. Taking the identity component Go and replacing G/H by Go/{Go H H); 

2. Taking the universal cover G G and replacing G/H by G/n^^(H); 

3. Taking a maximal compact subgroup K{G) and replacing G/H hj 
K{G)/{K{G)nH). 

Since G is compact its universal cover decomposes |BtDj : 

G = Gix---xGky<W 

with K{G) = Gi X ■ ■ ■ X Gk < G being a normal subgroup of G. Moreover, by the Mont- 
gomery theorem |Mg| K{G) still acts transitively on X and therefore G = K{G) ■ 7t^^{H). 
Analogously, Go <G and since X is connected one also has G = Gq ■ H . In other words, 
the above three operations are particular cases of the following two: 

(Rl) G is replaced by a cover G ^ G and X = G/H = G/ti-\H) ; 

(R2) G is replaced by a normal subgroup N <G such that G = N ■ H and 
X = G/H = N/{NnH). 

It turns out that given a bi-invariant metric on G the metrics on G and N can be chosen 
so that the metric on X and the coisotropy form uj-^ stay the same. This means that the 
presentation of Corollary Q can be used without loss of generality even assuming that a 
homogeneous space X comes equipped with a metric and a coisotropy form. 

Lemma 5. Given a bi-invariant metric on G define a metric on G from (Rl) by pullback 
and on N from (R2) by restriction. Then the Riemann quotient metric on X and uj-^ are 
the same in the new presentation of X . 

Proof. Note that in both cases we obtain a bi-invariant metric on G and respectively 
(for G since vr is a group homomorphism) . We will give a proof for (R2), for (Rl) it is 
analogous and simpler. 
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If S*, T G T^X we can choose their hfts S*, T G T„G with n & N , x = nH since G = NH . 



Then {S,T)x = {S,T)g = {S,T)n- by definition of the Riemann quotient [Pe]. Let u 
denote the coisotropy forms induced from A^, G respectively. We have the diagram: 



U7 




By dHH) 



But G = N ■ H imphes g = n + i), where n is the Lie algebra of N and hence f)"*" C n. The 
orthogonal complement to n fl f) in n is n fl (n fl f))-*" and therefore by Definition |H1 



TT^^jv = Ad,(n)pr^(^(,)x(n ^dn). 



But since f)"*" C n C 5 we have 



n n (n n l))-^ = n n f)-^ = f)-^ C 0. 



Therefore t^IjOJq = n%ujjj- and lJq = uj^ since vr^ is mono. 



□ 



Remark 5. Both operations (R1),(R2) can be interpreted in terms of principal bundles. 
In (Rl) we have a bundle P = {G — > X) and a normal subgroup 7r~-'^(l) < -k^^^H) of 
the structure group 7r'^{H) and pass to the quotient bundle P/n^^{l) \Hus^ . In (R2) the 
structure group H<G reduces to {Nr\H)<H and N is the total space of the bundle obtained 
from the original one by the reduction of the structure group \Hu^ \KNf . Thus our 'changes 
of presentation' are just quotients and reductions of the bundle H ^ G — > X . 



3.3 Trivial bundles and coset bundles 

This section provides the main technical tools needed for application of the gauge theory 
to the Faddeev-Skyrme models in the next chapter. After reviewing briefiy some special 
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constructions that are available on trivial principal bundles (trivial connection, pure-gauge 
connections, global gauges, etc.) we proceed to generalize them to coset bundles and develop 
some necessary 'calculus' for such bundles. 

Trivial bundles are the simplest principal bundles and their total spaces are products 
P = M X G. The principal action is multiplication by G on the right in the second 
component 

{M xG)xG — >M xG 

and the projection is the projection M x G M to the first component. Trivial bundles 
and only those can be obtained by pullback from the bundle over one point G — > pt. 
Indeed, in general pullback of a principal bundle P X by a map M X is 

(p*P ■= {{m,p) G M X P\(p{m) = 7r{p)} 

and for Ppt := {G pt) the defining condition trivializes leaving just M x G. 

For each pullback bundle there is a canonical bundle morphism M x P ^ Lp*P P 
that allows 'transfer' of connection forms: every connection A on P induces a connection 
772^4 on ip*P . For Ppt the left-invariant Maurer-Cartan form 6^ = g~^dg gives a canonical 
connection and 7736'^ (also denoted g~^dg when no confusion can result) is called the trivial 
connection on M x G. More connections can be obtained by using gauge transformations 
(bundle automorphisms) / of M x G. Since f{m,g'y) = (m, /2(m, (7)7) we have f2{m,g) = 
/2(m, l)g = u{m)g, where M G and f(m,g) = (m,u{m)g) . Conversely, any map into 
G induces a gauge transformation and we have a one-to-one correspondence between maps 
M ^ G and Aut(M x G) . Applying them to the trivial connection we get new ones: 

fn^ig-'dg) = {n, o fYig-'dg) = {ug)-'d{ug) 

= g'^u~^{dug + udg) = Ad^{g~'^){u~'^du) + g'^dg. (3.17) 

Such connections are called pure- gauge since they are trivial up to gauge equivalence (one 
could define 'pure-gauge' connections on any principal bundle with a reference connection 
Aq as those of the form f*AQ but this is not common). Thus we have a canonical choice 
of a reference connection Aq := 7C2{g~^dg) = g~^dg (by our abuse of notation) and may 
consider differences A — Aq. The reason that the gauge potentials from Definition |S1 had 
to be bundle-valued was that the differences A — Aq although horizontal are not invariant 
under the right action of the structure group. We only have Ad*-equivariance: 

Rl{A-Ao)=Ad4g-')iA-Ao). 

On a trivial bundle (and, as we will see shortly on a coset bundle) this can be fixed by 
a correction factor Ad^,{g) . Indeed, the form Ad^{g){A — Aq) is horizontal, invariant and 
therefore descends to a g-valued form on M . 
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Definition 10 (Untwisted gauge potentials on trivial bundles). The untwisted gauge 
potential of a connection A on M x G is the form a G r(A^ (g) g) satisfying 

7rla = AdMi^- 9'' dg). (3.18) 

It is immediate from ()3.18|) that for pure-gauge connections A = f*{g~^dg) one gets a = 
u~^du. Note that conventionally a is introduced via 'local gauges' and is called 'connection 
in a local gauge' rather than gauge potential |MJVH IDFJNj (of course, on trivial bundles 
local gauges happen to be global). It is in this sense that a is a 'pure-gauge connection' in 
|AKH IXK2j . We use the above construction instead because it conveniently generalizes to 
coset bundles while global gauges do not. 

The 'untwisting' can also be applied to curvature forms. For the untwisted gauge po- 
tential a of a connection A define F{a) by 

TilF{a) = M,{g)F{A). (3.19) 

Then a simple computation shows that 

F{a)=da + aAa. (3.20) 

Connections (potentials) with F{A) = {F{a) = 0) are called flat. Every pure-gauge con- 
nection is flat as can be seen directly from the expression a = u~^du for the potential. The 
converse is true if 7ri(M) = 0, otherwise there is a topological obstruction to constructing 
a developing map u called the holonomy |AKH IKNj . 

Now let us replace the one-point bundle G ^ G pt by a quotient bundle H 
G — > G/H =: X . Most of the above generalizes to pullbacks of these bundles under 
maps M X that generalize trivial bundles M x G and are next to them in complexity. 
Formally: 

Definition 11 (Coset bundles). A principal bundle is called a coset bundle if it is iso- 
morphic to a pullback of a quotient bundle H "-^ G ^ G/H = X , where H < G is a closed 
subgroup of a Lie group G . 
Given M X we have 

:= {{m,g) G M x G| y?(m) = gH} C M xG 

and any connection form A on the trivial bundle M x G restricted to ip*G has the isotropy 
decomposition: 

A = pT^A + pTi^±A=: A^^ +A^ (3.21) 

Since Ad^{h) commutes with prj^ it follows immediately from ()3.6|) that A^^ is a connection 
form on ip*G. Therefore the reference connection Aq = g~^dg on M x G gives us a natural 
choice of a reference connection on (p*G: 

Bo := 4 = {g-^dg)\\ = p^{g-'dg) (3.22) 
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Since ip*G G M x G the correction factor Ad^{g) is still available and we can copy Defini- 
tion [TUl to set 

Definition 12 (Untwisted gauge potentials on coset bundles). The untwisted gauge 
potential of a connection B on ip*G is the form b G T{A^M q) satisfying 

AdMiB-{g-'dgy^)=nlb. (3.23) 

Note that B can also be represented by a usual gauge potential j3 from Definition |H1 
which is an Ad* (</?*(?) -valued 1-form. This bundle has fiber [) while 6 is a g- but not 
f) -valued form. Thus to 'untwist' the potentials we have to pay by enlarging the target 
algebra. 

To establish a relation between twisted and untwisted potentials we need the following 
notion. 

Definition 13 (Isotropy subbundle of algebras). Given M — ^ X = G/H define the 
isotropy subbundle of M x g: 

i)v ■= {(m,^) eM xg\ 

= {(m,0 eMxgl^e Ad,{g)i), (^(m) = gH}. 

The isotropy subbundle is clearly a vector bundle with fiber f) . Each fiber has a Rieman- 
nian metric by restriction from M x g. The following Lemma explains why the 'untwisting' 
is possible. 

Lemma 6. There is an isometric isomorphism of vector bundles 

Ad,iip*G) ^ 
(m, {g,i\) ^ (m, Ad, ((7)0 
that induces isomorphisms on differential forms 

r(A'=M ® Ad,{^*G)) ~ r(A'=M ® l)^) c r(A'=M ® g). 

The gauge potential f3 of a connection B is transformed by this isomorphism into its un- 
twisted gauge potential b. 



45 



Proof. It is easy to see that the above map as well as the map 

{m,r]) I — > (m, [g, Ad^{g-^)7]]) 

are both well-defined and inverses of each other. Therefore they are both isomorphisms and 
they are isometric because Adt,{g) is an isometry. Now let S G TmM,ip{m) = gH . Then 
by Definitions! 



P{S) = {m, [g,{B-{g-'dgy^){S)]) 

^ Ad,ig)iB - {g-Ugf)^) = 7r*6(S) = ^vr^S) = b{S) 

and /5 I— > 6 as claimed. □ 

Notational convention: Since we have little use for the (twisted) gauge potentials of Def- 
inition |H1 from now on expressions 'gauge potential' or 'potential' will refer to the untwisted 
ones of Definitions I10I12I unless otherwise stated. Since the isomorphism of Lemma IHl is 
isometric results stated in the literature for twisted potentials (such as the Uhlenbeck com- 
pactness theorem |U1H IWej that we use in Section I4.2|l are trivially rephrased in terms of 
our untwisted ones. We utilize such rephrasings without special notice. 

The isotropy decomposition of connection forms has a parallel for the gauge potentials. 

Definition 14 (Isotropy decomposition of gauge potentials). Let A be a connection 
on M X G with potential a of Definitions^ then a", a-*" are defined by 



(3.24) 



vr^ll :=Ad,((7)(All-(r'rf(7)ll), 
TTiV :=AdMiA^-i9''dg)^). 

Obviously, 7rJ'(all + a-*-) = Ad^:{g){A — g^^dg) so a = a'i + a-*-. 

We now want to compute the isotropic and coisotropic components explicitly. 

Lemma 7. Components of a are given by 

a"=pr(,^(a), a^ = pT^^±{a). (3.25) 
// Au is a pure-gauge connection with the potential = u~^du then 

= Ad^{u-^){uipyuj^ - ip*uj^. (3.26) 
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Proof. Let y?(m) = gH then prf,^^^^ = prAd^g)!, = Ad*(^) pr^ Ad,(^ ^) and since {m, g) G 
ip*G always satisfies iflm) = gH we have 

<(prf,^(a)) = prAd,(g)f,(7ri*a) = Ad*(^) pr(, Ad,(^"^)(Ad,(^)(A - g'^dg)) 
= Ad,{g) pi^{A - g-^dg) = Ad,(^)(All - {g'^dgf) = 7r*all 



Since vr* is mono we have the first formula. The second formula follows from a-* 



a — a" 



For the third one recall that = j^ig ^dg), where /2 is the second component of the 
gauge transformation 

M xG ^ M xG 
{m,g) I — > {m,u{m)g) 
It is easy to see by inspection that the following diagram commutes: 

/2 




Therefore, 

nl{Ad,iu-')iuip)*uj^) = Ad,((M o m)-')nl{uipyuj^ 
= Ad,((no7ri)-i)/*7r*c^^ 

= Ad,i{uon,)-')f;Ad,ig)ig-'dg)^ by (EUD 

= Ad4(n o TTi)"^) Ad*((M o '^i)g){f2{9'^d9)^) since f2 = {uo ni)g 

= ^dMAi 

When u is the constant 1 map this equality turns into 

nliif^LU^) = AdMig-'dg)^ 



(3.27) 



(3.28) 



Subtracting (j3.28p from (j3.27p and using the definition (j3.24p we get the desired formula. 
□ 
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Example 5 (Isotropy decomposition on CP^). Recall from Example^that on CP^ = 
SU2/U1 we can identify SU2 with the space ImH of purely imaginary quaternions and Ui 
with zM C ImH. Therefore 

Prt,(0 = U> = Re(^2)z = — - — t = — t = 2 - 

pr,x(o = ^ - ^(e - = li^ + ^e*) = l^H^ + = ^^[e, 

where f)"*" = zs t/ie linear span of j , k. Also recall that we can identify CP^ itself with 
the unit sphere S'^ in ImH. Under this identification a map M CP^ turns into a map 
M ^ S'^ with 

(j){m) := qiq~^ = qiq, if Lp{m) = qUi . 

With this notation: 

pr^^(0 = Ad,(g) pr^(Ad,(g-^)0 = Ad,{q){Ad4q-^)^,t)t 

= (e,Ad,(g)z)Ad,(g)z = 

since Ad*(g) is an isometry and {^,ri) G M and therefore commutes with all quaternions. 
Analogously 

pr^x(O = i0[^,0]. 
Thus by fj3.25p we get in terms of : 

all = (a, 0)0, a^ = ^0[a,0]. (3.29) 

These are the expressions used in \AK^ . 

Gauge transformations on coset bundles can also be 'untwisted' into G-valued maps. 
Recall from the end of Section l3!T] that for general principal bundles gauge transformations 
can be described as sections of the bundle Ad(P) = P x^^H . Just as we described Ad*(P) 
as isomorphic to a subbundle of M x g in Lemma [3 we can describe Ad(P) as isomorphic 
to a subbundle of M x G. 

Definition 15 (Isotropy subbundle of groups). Given M X = G/H the isotropy 
subbundle of M x G relative to a closed subgroup H < G is 

:= {(m,7) G M X G 

= {(m, 7) G M X G|7 G Ad,ig)H, <f{m) = gH}. 
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This is a fiber bundle with fiber H . Sections of this bundle are maps M G that 
satisfy w(m) e H^pim) for all m G M. Recall that we denoted 

Stab^ := {M G\w^ = (fi}. 
By analogy to Lemma [7| one obtains 

Lemma 8. There is an isomorphism 

Ad{ip*G) ^ 

(m, [^,A]) ^ (m,Ad(^)A) 

that induces isomorphism of the gauge group T{Ad{ip*G)) T{H^) , i.e 

T{H^) = Stab^ ~ r(Ad(^*G)) (3.30) 

Proof. The isomorphism is proved word to word as in Lemma[7|with Ad in place of Ad* . For 
the second claim note that w{m) = ghg^^ for some h E H and w{m)ip{m) = w{m)gH = 
ghg^^gH = gH = ip{m) , the converse follows similarly. □ 

Thus instead of being represented by sections of a twisted bundle with fiber H gauge 
transformations are represented by G-valued maps. As in the case of gauge potentials the 
untwisting comes at a price of extending the target space. Also note that Lemma |H1 gives a 
gauge description of the stabilizer of a reference map. This description will play a crucial 
role in applications to minimization in the next chapter. 

Recall that the main function of gauge transformations is their action on connection 
forms - the gauge action. As connections are now presented by (untwisted) gauge potentials 
b G r(A^M(S)g) (Definition^)) and gauge transformations by maps M — > G we would like 
to have an explicit expression for the action of on 6. Similarly, curvature of a connection 
B on i~p*G is a horizontal equivariant 2-form on Lp*G and after applying the correction 
factor Ad*((y') we can make it invariant and descend it to M . Again we would like an 
explicit expression for the result in terms of the potential h. This prompts the following 
definition. 

Definition 16 (Gauge action and curvature for gauge potentials). Let f^ be the 

gauge transformation corresponding to the map M G , w E T(H^) and b be the potential 
of a connection B . Then denotes the gauge potential of the transformed connection f*B . 
The curvature potential F{b) is defined by 

7r*F(6) = M,{g)F{B) = M,{g){dB + BAB). (3.31) 
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Obviously, F{b) G T{A^M ® g), moreover F{b) G T{A^M ® i)^) since dB + B A B is 
P)-valued. Note that usually is defined for a twisted potential (3 from Definition |H1 and 

is an Ad*(P)-valued 2-form descended from F{B). This F{i3) corresponds to our F[b) 
under the induced isomorphism of Lemma [7| 

Before we derive explicit expressions for , F{b) let us make several preparations. First, 
it is convenient to extend the notation || , ± to all g-valued forms on (p*G and M: 







for R e r(A*(v9*G') O g 




■= PV(^) 




r" 


:=P%(^) 


for r G r(A'M(g)g). 




:=pr(,x(r) 





(3.32) 



By (13.211) . ()3.25|1 this agrees with the previous notation for A and a. 

Second, note that every connection form B on ip*G is the isotropic part of a (non-unique) 
connection A on M xG. It is easy to see using the gauge potentials b. By Definition El one 
has that b is an f)(p-valued 1-form. But 1)<^ C and it can also be treated as a g-valued 
one. By Definition ITUl anv g-valued 1-form represents a connection on M x G. Let A 
denote this connection for b treated as a g-valued form then B = A" as required. More 
explicitly we have 



nib = Ad,{g){B - (g'^dgf) on^*G d M xG 
'Kla = M^{g){A- g'^dg) on M x G 



and therefore 

A = B + {g-^dg)^ (3.33) 

on Lp*G. It can be uniquely extended to the entire M x G by equivariance. This is the 
minimal extension of B . More generaly we could take any f);^ -valued 1-form 5 on M, set 
a = b + 5 and take A on M x G that corresponds to a . 

Third, the gauge transformation from Definition El can be found explicitly. By 
Lemma IHlw corresponds to a section a of Ad((y9*G') given by 

o-(m) := (m, [g, Kd^{g'^)w{m)]) 

In its turn by the isomorphism between r(Ad((y9*G)) and Aut((y9*G) (see e.g. |MMj ) this 
section corresponds to 

fw{m,g) = {m,gAd^{g-'^)w{m)) = {m,w{m)g). 

Although we obtained it as a gauge transformation of ip*G only, it obviously extends to a 
gauge transformation of M x G that we denote by the same symbol. If yl is a connection 
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on M X G with the gauge potential a then the gauge potential of f*A is easily found 
to be pFNllMM] : 

a"" = Ad4w~^)a + w-^dw. (3.34) 

Now we are ready to derive the promised formulas. The coisotropy form uj-^ makes an 
important appearence here. The idea of the proof is to extend a connection on ip*G to a 
connection on M x G, use the well-known formulas for potentials on a trivial bundle and 
then 'project' to the potentials on a coset bundle. 

Theorem 8. Let B be a connection on ip*G , b be its (untwisted) gauge potential and w be 
a section of H^p G M x G . Then 

(i) b"" = Ad,{w-^)b + w-^dw - {Ad,{w~^) - I)if*u^ 

(ii) Fib"") = Ad,{w-^)F{b) (3.35) 

(iii) F{b) =db + bAb-[b, ^*uj^] - {^*uj^ A ^*uj^)l 

Proof, (i) Let A be the minimal extension of i? to M x G then we have for the potentials 
a, b then 

nla"" = Ad^{g){f*A- g-^dg) by Definition M 

and 

nlb^ = nliJr = Ad. ((?)(/: A" - {g-'gd^^) by Definition [HI 

= Ad^{g){{f^Ay^ — (g^^dgy^) since prj^ commutes with 

= 7r*(a"')ll by Definition d 

Therefore 6™ = (a"')" . Since prj^^^ commutes with Ad^{w^^) for w E T(Hip) we have further 

b"" = (a"')ll = {Ad,{w-^)a + w-^dwf = Ad,{w-^)J + {w~^dw)K 

But by definition of the minimal extension 6 = a" = a and 

b"" = Ad,{w'^)b + {w'^dw)l (3.36) 

When wip = ip the equality ()3.26|) becomes 

{vj-^dwy = Ad4w-^)ip*tu^ - ip*uj^ (3.37) 
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and therefore 



{w ^dwy = w ^dw — {w ^dw) =w — (Ad*(w — I)(p*u 

Substituting this into ()3.36p we get the required formula. 

(ii) For any horizontal equivariant form R on ip*G one has Ad^:{g)R = vr^r with a unique 
form r on M. We claim that then 

AdMif^R) = 7iliAd,iw-y). (3.38) 

Indeed, 

rjAdMR) = Ad,((«; o n,)g)f:R = Ad^iw o m){AdM f:R) 

and 

Ad4g)if:R) = Ad^iw o n^)-')f:inlr) = Ad^iw o m)-')in, o 

= Ad4{w o 7ri)"^)7rir = 7r^(Ad4w"^)r). 

Applying (HOHl) to = F{B) = dB + B A B one obtains 

Ad^{g)F{f:B) = AdMif:F{B)) = rrl{Ad,{w~')F{b)) = nlFib^, 

which implies (ii) since vrj" is mono. 

(iii) Again let A be the minimal extension of B . Even though for potentials a = 6 we 
now have two different curvatures: one induced from the curvature of A by ()3.19p . the other 
induced from the curvature of B by ()3.31|) and they are not equal. To avoid confusion we 
denote the former F[a) for the duration of this proof only. Thus 

7r*F(6) = 7r*F(a) = Ad,{g){dB + B A B) 
7r*F(a) = Ad4g){dA + A A A) 

Since A is the minimal extension by (|3.33|) 

dA = dB + d{g~^dg)^ 
AAA = BAB + [B, {g~'dg)^] + (g-'dg)^ A (g-'dg)^ 
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Since g ^dg is flat it satisfies 

d{g-^dg) = -{g'^dg) A {g'^dg) 
Decomposing g~^dg = (g'^dg)^^ + (g^^dg)-^ and taking into account (|3.9|) we get 

dig-'dg)^ = -{g-'dg A g-'dg)^ = -[ig-'dg)\ (g-'dg)^] - {(g-'dg)^ A (g-'dg)^)^. 
Putting it together: 

dA + AAA = dB + d{g'^dg)^ + B AB + [B, (g'^dg)^] + (g'^dg)^ A (g'^dg)^ 
= dB+BAB+[B, {g-'dg)^] + {g~'dg)^A{g-Mg)^-[{g-^dg)\ {g-Mg)^]-{{g-^dg)^ A{g-Mg)^) 
= dB + BAB + [{B- (g-'dgy^), (g-'dg)^] + {{g~'dg)^ A {g''dg)^y^. 

Now apply Ad^{g) to both sides and distribute it under A and [■,■] using (j3.5p fvii) and 
under the ||, ± signs using that Ad^:{g) prj^ = prj^^ Ad*(5'). Since 

AdMiB - (g-'dgy^) = nib 

by (IT^ and 

AdMig-'dg)^ = ^li^*^^) 
by ()3.28p the equality turns into 

7r*F(a) = 7r*F(6) + 7r*[6, ip*uj^] + 7r*((^*cj^ A ^^cj^)" 

Removing vr* and recalling that F{a) = da + aAa = db + bAb by (j3.2(jp we get the required 

formula. □ 

Note that the formulas from Theorem |H1 look like their analogs for trivial bundles with 
'correction terms' depending on the pullback of the coisotropy form (p*uj-^ . If is a constant 
map and the bundle (p*G is trivial then ip*uj-^ = and we recover the formulas for trivial 
bundles. 

An interesting consequence of Theorem |H1 is 
Corollary 8. 

(a"")^ + <f*u}^ = Ad,(w-^)(a^ + <f*uj^) (3.39) 
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Proof. By direct computation from (j3.36j) 



= Ad,{w-^)a^ + Ad,{w-^)<f*uj^ - <f*uj^ 
= Ad^{w~^){a-^ + (p*uj-^) - ip*u^. 



□ 



Comparing ()3.39p to ()3.35p (ii) we see that the quantity a-*- + ip*uj-^ 'transforms as cur- 
vature'. This reflects the following situation for connections. In a principal bundle the only 
local gauge-equivariant functional of a connection A is its curvature F{A) but only if we 
consider the gauge action induced by that same bundle. If on the other hand, we consider 
the gauge action induced by a suhhundle the curvature is joined by the coisotropic part A-^ 
with respect to this subbundle. It follows from ()3.24|) and ()3.28|) that 

Ad,{g)A^ = 7r*(a^ + ^*uj^). (3.40) 

Such 'partial gauge equivalence' arises in coset models of quantum physics B MSSj . The 
gauge principle implies in this situation that physical Lagrangians should be functions of 
a-^+Lp*uj-^ , F(all) . The Faddeev-Skyrme functional (reformulated for potentials) will depend 
on the first quantity only (see Definition I2(jj). 

Taking (p = idx and 6 = in (j3.35|) (iii) corresponds to computing the curvature poten- 
tial of the reference connection (g^^dg)^^ on the quotient bundle H^G^G/H = X. 



Corollary 9. The curvature potential of the reference connection (g ^dg)^^ on G X 



IS 



F(0) = -(cu^ Ac^^)ll. (3.41) 

This is another indication of a role the coisotropy form plays in geometry of homogeneous 
spaces. It becomes especially nice for symmetric spaces |Art IBr2( IHlj . There in addition to 
relations (|3.9p one also has 

and ()3.41|) becomes 

F(0) = -uj^ ^UJ^. 

Finally projecting ()3.35p to f),^, f);^ and taking into account ()3.12|) we get 
Corollary 10. For any gauge potential on a coset bundle ip*G one has 

F(h) = (d6)ll +bAb- {^*uj^ A if*uj^y^ 

(3.42) 

(db)^ = [v*uj^,b] 
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Chapter 



4 



Faddeev 



Skyrme models and 




• • • J • 



After topological and gauge-theoretic preliminaries in the first two chapters we are ready 
to introduce our version of the Faddeev- Skyrme functional for general homogeneous targets 
and prove existence of minimizers of different topological types. Since regularity theory for 
Skyrmions is lacking the main difficulty is to balance regularity requirements that allow a 
notion of 'topological type' to be introduced against compactness properties that lead to 
consideration of more singular maps. We end up with admissible maps of Definition 
that have meaningful '2-homotopy sectors' (generalizing 2-homotopy type) and strongly 
admissible maps of Definition 1241 that have meaningful 'homotopy sectors'. Both spaces 
are 'large enough' to ensure compactness. We analyze the primary minimization (within 
each 2-homotopy sector) for arbitrary homogeneous spaces in Section |321 and the secondary 
minimization (within each homotopy sector) for symmetric spaces in Section 

It turns out to be technically convenient (and perhaps even more 'natural') to write the 
Faddeev-Skyrme functional for (pure-gauge) potentials rather than maps. In particular our 
main tool in the the proof of existence of minimizers is based on the K.Uhlenbeck's gauge- 
fixing procedure for connections |U1H IWe] . The reason the Faddeev-Skyrme functional is 
so interesting analytically is that additional regularity comes not from control over higher 
derivatives of maps but 2 -determinants of the first derivatives. This type of conditions has 
been intensively studied recently (see j GMS4j and references therein) and can be utilized 
using the fact that wedge products of Sobolev forms are 'better' than predicted by the 
Sobolev multiplication theorems |IVj due to 'cancellation of singularities' in determinants. 
In our case this works especially well for symmetric spaces (Section I4.H|1 . where additional 
symmetry leads to more cancellations. 
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4.1 Faddeev-Skyrme energy 



In this section we introduce our version of the Faddeev-Skyrme functional, and compare it 
to other 'Skyrme functionals' found in the hterature. Then we introduce admissible maps 
and their 2-homotopy sectors and give a precise formulation of the primary minimization 
problem. 

Let X = G/H he a, homogeneous space with G a compact Lie group and H < G a. 
closed subgroup. G is equipped with a bi-invariant metric that induces an inner product on 
Q and a Riemann quotient metric on X (see Section 1^^ . Recall that the coisotropy form 
uj-^ on X is defined by: 

where G ^ X (Definition ij. If ^ — > M is a Riemannian vector bundle over M and 
00 e r{A^M (g) E) we set as usual 

\Um\ ■■= SUp{\uJm{Si, . . . ,Sk)\E\ Si eTmM, \Si\TM = I}, 171 E M. (4.1) 

for the norm of the form at the point m. Given a map M — ^ X we have dip G T(A^M ® 
ip*TX) and ip*u!-^ G T{A^M^g) so \dip\, \ip*uj-'-\ are defined at each point. By Lemma Efiii) 

\ruJ^{s)\ = \uJ^{^.S)\ = \iIj.S\ = |#(^)| 

for any S G TM and hence = • 



M ^ X is 



Definition 17 (Faddeev-Skyrme functional). The Faddeev-Skyrme energy of a map 

(4.2) 



M 

1 



2 + -\ip*u;^ A ip*u;^\'^ dm. 



M 



The second expression does not require using the bundle ip*TX that is only defined for 
smooth By (HTini 

-{iP*uj^ A iP*u^f = -iP\to^ A u^f 

is the puUback of the curvature potential of the reference connection on G — > X . Perhaps 
in view of this it would have been more natural to replace 'il)*uo-^ A il)*uj-^ in ()4.2j) by its 
parallel component and in fact all our arguments for primary minimization still go through 
if this is done. As for the secondary minimization we only consider symmetric spaces so 
(0;"*" A a;-'")" = 0;"*" A uj-^ anyway. 

Now let us compare our definition to some similar ones. 
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Example 6. (Lie groups) Here H = {1} and X = G is a compact Lie group. The Skyrme 
functional is usually written as lAKlf : 

f 1 1 

E{u) = -\du\^ + -\u~^duAu'^du\^dm. (4.3) 

M 

The coisotropy form becomes 

u-^ = M^{g)g~^dg = dgg~^. 
Since the metric is bi-invariant \dgg~^\ = \g~^dg\ and moreover since Ad^,{g) is an isometry 

\dgg-^ A dgg'^l = \ Ad,{g){g-^dg A g'^dg)\ = \g-^dg A g~^dg\. 
Hence our functional ()4.2|) coincides with ()4.3|) as u*{dgg~^) = duu~^ . 
(The 2— sphere) The functional of the Faddeev model can be written as \AK2^ : 

E{i;) = j ^Idi;]"^ + ^\dipx di;\'^dm (4.4) 

M 

where M 5*^ and 

{di/j X dij){S,T) := di/j{S) X #(T) 

Here on the right x r] is the cross-product of two vectors in ( we assume S'^ > as 
the unit sphere so dip is M.^ -valued). As in Example ^identify M.^ ~ ImH, the space of 
purely imaginary quaternions and use the quaternionic notation. Then we have 

^xr]=[^,r]]=^r]-r]^ 

and as we computed in Example^ uj:j^^^-^{^) = |vr(g)^ with n(q) = qiq~^ . Since vectors in 
ImH are orthogonal if and only if they anticommute, ^ G Tjr(g)5'^±7r(g) and 7r(g)^ = = —1 
we have: 

111 1 
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Therefore il)*uj-^ /\ip*uj-^ = ^dip x dip and up to constant multiples (j4.4j) is the same as (j4.2j) . 

(Riemannian manifolds) N.Manton IMn!^ suggested a definition of a 'Faddeev-Skyrme 
functional' that works for maps M — > N between arbitrary Riemannian manifolds: 

EmW:= j^\dij\^ + ^\d^Adij\^dm, (4.5) 

M 

where dip A dip e r{A'^M (g) ip*{TN)^'^) is defined by 

dip A #(5, T) = dip{S) ® dip{T) - d-ip{T) ® diP{S). 

Since dip A dip is universal any quadratic antisymmetric expression in components of dip 
factors through it. In particular there is a smooth section L of {ip*{TN)^'^)* such that 

ip*{uj^ A u^) =< L,dip Adip> . 

Therefore E{ip) < CEMi'ip) for some C > 0. 

However even for Lie groups (j4.5p is strictly stronger than the usual one (j4.3|) . Indeed, 
ip*{uj-^ A uj-^) takes values in g of dimension say n and the fiber of (TG)^^ has dimension 
strictly greater than n for n > 3. Therefore fl4.5|) controls all components of dip A 
dip while ()4.3|) only controls some linear combinations. Nonetheless, for X = SU2 — 
Manton's functional coincides with (|4.3|) and for X = it coincides with (j4.4j) . 

(Symplectic manifolds) In the original formulation of the Faddeev model the functional 
()4.4|) was written differently: 

EspW = Jl\diP\' + ^\r^\'dm, (4.6) 

M 

where Q is the volume form of S"^ . Since S"^ is 2 -dimensional its volume form is also 
a symplectic form and fj4.6p can be generalized to M — > N with any symplectic target 
manifold N (see Mr] / for definitions). In contrast to ()4.5|) which is stronger than our 
functional (j4.2j) Esp is in fact much weaker for ip*Q only controls one linear combination of 
components in dipAdip . In fact, the symplectic form can be chosen so that Esp{ip) < CE{ip) . 
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It can be shown that the curvature potential (— cj^ Acu^)" 'contains' all possible invariant 
symplectic forms on G/H ^Ar] (i.e. all those if they exist can be recovered by contracting 
it with some q* -valued functions). In other words, fl4.2|) with il)*uj^ A il)*uj^ replaced by 
{il)*uj-^ A il)*uj-^)'^^ can be obtained as a sum of functionals (14. 6p with Vt-s forming a basis 
in the space of invariant symplectic forms. This is essentially how L.Faddeev and A.Niemi 
introduce their 'Skyrme functional' for complex flag manifolds IFN^ . 

So far we wrote the Faddeev-Skyrme functional ()4.2|) having in mind only smooth (or at 
least ) maps ip . But it is well-known that spaces of such maps lack necessary weak com- 
pactness properties for solving minimization problems |GMS4j and we need to use Sobolev 
maps. 

A traditional way of defining Sobolev maps between Riemannian manifolds is the follow- 
ing (see e.g. |Wht IHLTI IHL2j ) . Let be a Riemannian manifold and M" an isometric 
embedding into a Euclidian space of large dimension. Then the spaces iy'^'^(M, M") are de- 
fined in the usual way and one sets 

H/fc'P(M, AT) := G Vr^'P(M,M")|V^(m) G N a.e.} (4.7) 

Note that the Faddeev-Skyrme energy density in ()4.2|) 

e(^) := -\ij*uj^\^ + hij*uj^ A (4-8) 

is defined almost everywhere for any ip G W^''^{M, X) . Of course it does not have to be 
integrable and we define the 'space' of finite energy maps: 



W'/{M,X) : = G W'''{M,X)\e{^) G L\M,R)} 

= {i^e W^'\M,X)\E{i:) < oo}. ^ ' ^ 



Note that neither W^'^{M,X) nor Vr^'^(M,X) are Banach spaces or even convex subsets 
of a Banach space and the word 'space' can only mean metric or topological space. 

Since 712(6*) = smooth maps are dense in W^''^{M,G) [E.L2 but not in W^''^{M,X) 
because tt2{X) 7^ 0. This means in particular that formulas derived for smooth maps can 
not be extended to Sobolev maps into X simply by smooth approximation. For instance 
we can extend the formula (j3.26|) to n G W^^'^(M, G) but we have to keep smooth (or at 
least G^). 

We now want a notion of 2-homotopy type for maps in W^\M,X). In general for 
W^'^{M, N) maps such a notion was introduced by B.White jWhj but his n-homotopy 
type is defined only for [p] > n ([■] is the integral part). In our case this only yields 1- 
homotopy type which is not very interesting since 7ri{X) = by assumption. In the case of 
the Faddeev-Skyrme functional additional regularity comes not from integrability of higher 
derivatives but from integrability of 2 -determinants of the first derivatives. One needs 
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a version of n-homotopy type that takes advantage of this regularity information. Our 

alternative is motivated by Theorem |H1 which claims that two continuous maps 
are 2-homotopic if and only if there is a continuous 'lift' M — ^ G with ip = mp. 

Definition 18 (2— homotopy sector). We say that i^^ijj E W]f'{M,X) are in the same 
2-homotopy sector if there is a map u G W^''^{M, G) such that ip = uip a.e. 

Note that if is compact W^^'^{M,N) C L'^{M,N). Therefore the product rule 
and the Sobolev multiphcation theorems |Plj imply that W^''^{M,G) is a group that acts 
on W^''^{M, X) . In particular, Wj^''^{M, X) is divided into disjoint 2-homotopy sectors. 
However, W^'^{M,G) no longer acts on Wj^' {M,X). In fact, even if cp is smooth and 
u G W^''^{M,G) the product ip = mp may not have finite Faddeev-Skyrme energy. Indeed, 
by (P0T)|) 

il}*uo^ = Ad4u){{u-^du)^ + ip*iu^) 
ip*uj^ A ip*u^ = Ad,{u){{u-^du)^ A (u^^du)^ + [{u-^du)^, + <p*uj^ A ^*uj^) ^^'^^^ 

and E{ip) < oo is equivalent to 

(u'^du)^ A (u-^du)^ G L\A^M ® g), 

which does not hold for an arbitrary a G W^'^{M, G) . Despite the appearence this condition 
still depends on ip since ± stands for prf^x . To avoid cumbersome symbols we often do not 
reflect dependence on (p in the notation assuming that a reference map is fixed once and 
for all. 

Definition 19 (Finite energy lifts). We say that u G W^''^{M,G) has finite energy if 
E{u(p) < oo or equivalently {{u'^du)^Y'^ G L'^{A^M ® q) . The notation is W]f{M,G). 

We can fix a 2-homotopy sector in W]f'{M^X) by choosing a smooth reference map 
ip G C°°(M, X) and considering all maps in W]f'{M,G)'p> . Since 

W^'2(M, G)p) n W^''^{M, X) = We'\M, G)ip 

by (j4.1Up these maps exhaust the entire 2-homotopy sector of ip. Note however that it is 
unclear if ^ 

W'/iM,X):= U W'/iM,G)ip 

contains all finite energy maps. In this respect we can only guess: 

Conjecture 1. Every 2-homotopy sector of finite energy maps contains a smooth repre- 
sentative, I.e. W^'\M,X) = We'^M^X). 
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Although C~(M,X) is not dense in W^'^{M,X) it is dense in We'^{M,X) (in the W^'^ 
norm) since all such maps are of the form mp and u G W^''^{M,G) can be approximated 
by smooth maps. In other words, if this conjecture is true it implies that iy^'^(M, X) is 
essentially 'smaller' than W^''^{M, X) . For X = this conjecture is proved in |AK3j but 
the proof relies heavily on the fact that in Ui "—>■ SU2 S'^ the subgroup H = Ui is 
Abelian. 

Appearence of {u~^du)^ in ()4.10|) suggests a formulation of the Faddeev-Skyrme energy 
in terms of gauge potentials. Denote a := u~^du then since Ad*(M) is an isometry ()4.10j] 
yields 

Definition 20 (Faddeev-Skyrme functional for potentials). Denote 



D^a := ip*u + a , 



where a G L'^{A^M ® 0) is a gauge potential. Then for a fixed reference map M ^ X the 
Faddeev-Skyrme energy of a is 



E^{a) := J -\D^a\^ + -\D^a A D^a\^ dm. (4.12) 

M 

By (ICTHl . for u G W^'^{M,G) one has 

E{uip) = E^{u~^du), 

where E is the Faddeev-Skyrme functional ()4.2|) for maps. By analogy to Definition we 
now define 



Definition 21 (Finite energy potentials). A gauge potential a G L^(A^M ® g) has 
finite energy if E^{a) < 00 or equivalently a-*- A a-*- G L^(A^M ® q) . We denote this space 
L|(AiM®0). 

The presentation ip = uip when it exists is not unique. Any w G iy^'^(M, G) satisfying 
w(.p = if a.e. produces another lift u = uw with ip = uip. In terms of potentials this 
manifests as gauge freedom: we established in Lemma |H1 that such w are sections of the 
isotropy subbundle Hip G M x G isomorphic to Ad{ip*G) whose sections are gauge trans- 
formations. Changing u to uw corresponds to changing a to a*" = Ad^{w~^)a + w~^dw 
and by Corollary |H1 

Dp{a^) = M,{w-^)D^{a). (4.13) 
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Therefore E^{a^) = E^{a) as expected. By the way, this holds for any gauge potential a, 
not just pure-gauge potentials a = u~^du. If one wants to consider non-flat potentials a 
the functional ()4.12|) should be augmented by the Yang-Mills term |F(a")p: 

El'^{a):= y"i|D^a|2 + l|D^aAD^a|2 + l|F(all)|2dm. (4.14) 

M 

We will only consider pure-gauge potentials and functionals ()4.12j) but our results trivially 
extend to arbitrary potentials with the functional ()4.14|1 . 

The definition of space L|;(A^M ® q) imposes no additional restriction on a". Since 
we consider only pure-gauge potentials a = u~^du there is however a hidden restriction. It 
follows by smooth approximation in W^''^{M,G) that such a satisfy 

c/a + a A a = (equality in ^'"^'^(A^M O g)), 

i.e. are distributionally flat. Projecting the flatness condition to f)^ one finds that F(all) G 
L^(A^M ® g) (see Lemma E)). In addition to that by Lemma |H1 stabilizing maps w(p = cp 
represent gauge transormations exactly on the bundle where a" is a gauge potential. In other 
words, the Faddeev-Skyrme functional ()4.12p allows gauge-fixing of a" without changing its 
value. Along with the bound on F(all) this gives us control over the isotropic component 
while the coisotropic one a-*- is controlled directly by the functional. For technical reasons 
explained in the next section (see the discussion after ()4.24|) ) to use the gauge- fixing we 
need to restrict the class of finite energy maps. 

Definition 22 (Admissible maps, lifts and potentials). A gauge potential a is admis- 
sible if 

1) e L^A^M^q), 

2) Aa^ eL\A^M(^g), (4.15) 

3) a" G W^'^A^M^g). 

The space of admissible potentials is denoted £{A^M ® g) . A lift M — ^ G is admissible 
if u^^du G £{A^M g) , a map M — ^ X is admissible if ^ = u^p for a smooth Lp and an 
admissible u. We write S{M,G), S{M,X) for admissible lifts and maps respectively and 
often shortly Sip instead of S{M,G)ip for the admissible 2-homotopy sector of ip . 

Note that conditions 1), 2) of (j4.15|) simply mean a G L|;(A^M ® g) and hence u G 
VFg^(M, G) , whereas 3) is stronger since generally one only has a" G L'^{A^M ® g). Obvi- 
ously, 

£{M,X)= (j Sep 
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is analogy to Wj^''^{M, X) and of course 

S{A^M ® 0) g LKA^M ® 0), S{M, G) g Wl;\M, G). 
Nonetheless we believe in 

Conjecture 2. For any smooth ip and finite energy u there is an admissible u e S{M,G) 
with uip = uip (every finite energy lift is equivalent to an admissible one). Equivalently, 

S{M,X) = We'\M,X). 

Of course, u may and will depend on (p. Together Conjectures imply that any finite 
energy map has the form ip = mp with Lp smooth and u admissible. In the next section 
we will prove Conjecture |21 for the case when if is a torus fCorollarvlTT|). Along with the 
result of |AK3j on Conjecture for X = S"^ this implies 

Wli'^{M,S^) =S{M,S^). 

In terms of potentials Conjecture El nieans that every finite energy pure-gauge potential is 
gauge equivalent to an admissible one and hence the latter are sufficient for minimization. 

We already mentioned that unlike W^''^{M,G) the space iy^'^(M, G) is not a group. 
Neither is S{M,G). In fact, even if f G W'^''^{M,G) the product uv may not have finite 
energy. This is because 

{uv)-^d{uv)^ = {Ad,{v-^)u-^du)^ + [v-^dv)^ 

and Ad,,(f^^) does not commute with _L so even the term {{Ad^{v^^)u^^du)^)^'^ may not 
be in . 

However, if w G W'^''^{H^) , i.e. if in addition to W'^'^ regularity w stabilizes (p then uw 
is again admissible. Indeed, E{uw(p) = E{u(p) < 00 guarantees conditions 1), 2) in ()4.15p 
and 3) holds because 

(Ad^(u7"^)?i"^dn)ll = Ad^(w"^)(M"Mu)ll 

and G W^''^{A^M q) . In other words, gauge-fixing by a ly^'^ transformation 

leaves us within the class of admissible potentials. This will be crucial in the proof of 
Theorem El 

We can now state our primary minimization problems for both maps and potentials. 
Minimization problem for maps Find a minimizer of the Faddeev-Skyrme energy (j4.2j) 
in every 2-homotopy sector of admissible maps: 

E{il)) — ^ min, i) ^ 8^ (4.16) 

Minimization problem for potentials Find a minimizer of the Faddeev-Skyrme energy 
fl4.12|) among all fiat admissible potentials 

E^{a) — > min, a G £{A^M^q), da + aAa = (4.17) 
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Note that the above two problems are equivalent only if iti{M) = 0. In general, if one wants 
an exact reformulation of the minimization problem for maps in terms of potentials one has 
to introduce generalized holonomy for Sobolev connections and require Hol(a) = 1 instead 
of flatness. This is indeed done in jAKlj . However using the fact that gauge- fixing does not 
spoil admissibility and keeping track of lifts u directly along with their potentials we can 
and will when solving (j4.16j) avoid the use of holonomy altogether. 

Another remark concerns the fact that the 2-homotopy sector even for continuous maps 
characterizes only the 2-homotopy type but not the homotopy type. Of course if vr3(X) = 0, 
e.g. X = CP", n > 2 there are no additional invariants and the two notions are equivalent. 
In general, however the 2-homotopy sector Sip should be subdivided into subsectors by 
secondary homotopy invariants and more subtle secondary minimization should be carried 
out within each subsector. When X is a symmetric space this will be done in Section 14.31 
(see also jAK21 IXK3] for the case of the Faddeev model). 



4.2 Primary minimization 

In this section we first establish some analytic relations between isotropic and coisotropic 
parts of fiat potentials. A simple application of these relations is a proof of Conjecture |21 for 
Abelian H . Then we discuss the Uhlenbeck compactness theorem and the Wedge product 
theorem in our context and prove the main result (TheoremEl) on the existence of minimizers 
in the problem ()4.16p . Unlike in the case of maps problems with smooth approximation do 
not arise for differential forms since the relevant spaces are linear. Hence we derive formulas 
for C°° forms and use them for Sobolev ones assuming extension by smooth approximation 
wherever necessary. 

In this section and the next it will be convenient to denote $ := prj^^ and treat it as an 
End(0)-valued function with G r(A^M End(g)). Differentiating the obvious relation 

$a" = a" we get 

d^ Aa 

Analogously differentiating (/ — $)a 

A a" 

In the proof of Theorem El we will need Sobolev estimates on F(a") and da-^ in terms of 
the Faddeev-Skyrme functional. The next Lemma will be used to obtain such estimates for 
distributionally flat gauge potentials. 

Lemma 9. Let a G L^{A^M O g) be a distributionally flat gauge potential, i. e. 

da + aAa = in W''^'^{A'^M (g) q) . 



(/ - <l>)da" = (da")" 
= yields 

-^da^) = -{da^) 



(4.18) 



(4.19) 
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Then 

(i) F(a'l) =d^^a^- ^ia^ A a^) - ^i^*uj^ A ^*uj^) 

(4.20) 

(ii) da^ = A a" - A - [a" , a"^] -(/-$) (a-^ A a^) 
Proof, (i) By the product rule and flatness: 

c/a" = d{(pa) = (i$ A a + V9((ia) = (i$ A a - $(a A a) 
= d^ Aa - $((a" + a"^) A (a" + a"^)) 
= (i$ A a - <l>(all A a" + [a\a^] + a"^ A a"^). 
By fj3.12p and ()3.5|) fiv) the form a" A a" takes values in f)<^ and [a", a-*-] in f}^. Therefore 

<l>(a" A a") = a" A a" and $[a",a"^]=0. 

Thus we get 

dJ + J A J =d^ A J +d^ Aa^ - <l>(a-^ A a"^). (4.21) 

By (EH: 

F(all) = (rfall)l' + a" A a" - (v2*cu"^ A if*u^y^ 
= $(c/all + a" A a" - ^2*0;-^ A Lp*uj-^). 
Subtracting (f*uj-^ A (f*uj-^ from both sides of (j4.2H) . applying $ and taking into account 
that ^{d^ A all) = by (ITT^ we get (i). 
(ii) Plugging a = all + a"*" into rfa + a A a = one gets 

da"*" + a"*" A a"*" + da^^ + all A all + [all , a"*"] = 0. 

Now rewriting rfall +all A all by (j4.2H) and taking all terms except da-^ to the righthand side 
gives (ii). □ 

Lemma IHl implies that fiat potentials are better than they 'should be'. This is not 
surprising since for a in the relation da = —a A a implies that da which is a priori only 
in W'^'"^ is actually in . If moreover a G L|(A^M ® g), then (j4.2U|) yields 

F(all) G and (c/a^)" G L\ 

The other component (da-^)-^ is 'spoiled' by the term [allja-*-] which will only be in L^/^ 
even assuming that a is admissible, i.e. all G W^''^ . 
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As a first application of Lemma IHl we will prove Conjecture |21 in the case when H is 
Abelian (and hence a torus |BtDj ). For this case it is convenient to use the usual (twisted) 
gauge potentials of Definition |H1 In general their presentation by a differential form will 
depend on a choice of local trivialization of Ad*((/9*G') bundle. Such a trivialization can be 
given by a local gauge, i.e a local section of the coset bundle ip*G\ 

M dU ^ ip*G. 

In this gauge by Lemma El 

a = Ad*(7"^)a, 

where a is the (globally defined) untwisted gauge potential of Definition ^1 Change of 
gauge from 7 to 7Z/ with U H changes a to^ 

Ad,((7z/)-i)a = Ad,(z/-i) Ad,(7-i)a = M,{u-^)a. 

When H is Abelian Ad=K(if) acts trivially on f) and a is a globally defined section of 
A^M (8> f). Similarly, a gauge transformation A is a globally defined section of M x H , i.e. 
an if -valued map. 

There is nothing specific to coset bundles involved here. In any principal bundle with 
an Abelian structure group H the bundles 

Ad,(P) = PxAd,H and Ad(P) = Px^dH 

are trivial and there is no need to 'untwist' gauge transformations or potentials. Since the 
relations between 'twisted' and 'untwisted' objects: 

a = Ad*(7"^)a, A = Ad(7~^)M; and F(a) = Ad*(7~^)F(a) 

are given by multiplication by smooth maps (albeit only locally defined) Sobolev conditions 
imposed on a, w, F{a) are equivalent to those imposed on a, A, F{a) respectively. 

A simple computation shows that for any Abelian principal bundle the gauge action on 
potentials with respect to any reference connection has a very simple form: 

= a + X'^dX, (4.22) 

and the curvature reduces to the differential: 

F{a) = da. (4.23) 
^It may seem odd that a is not changed to Ad, (i^^^)Q! + v^^dv as usuaL The latter gives the gauge 
potential with respect to a new reference connection - the trivial connection in the trivialization given by 
the section . If we keep the same reference connection and only use the new trivialization to write a 
bundle-valued form a as a Lie algebra valued one the expression is just Ad*(i^^^)a. The difference is that 
in contrast to the usual convention in gauge theory )UFN[ IMMj we are only using local gauge to trivialize 
the Ad, bundle hut not to simultaneously change the reference connection to the trivial one. 
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This is the reason we prefer a-s to as (compare (|4.22|) . (j4.23p to (j3.35|) fi).fiii)). 

Since if is a torus the exponential map f) H is globally defined and onto. Taking 
A := exp(0 with Af ^ [) we turn KT3\ into 

= a + 

By a result of jIVj if a, da e U' then there is ^ e W^'^ and a G W^'^ such that 

a = a — d^. 

In other words, any differential form in with the differential also in is ly^'^-cohomologous 
to a W^'P form. Since i e W^'P{M, [)) implies A := exp(0 e W^'P{M,H) and 

a^ = a = a + d^ = a + X^^dX 

this result restated in terms of gauge theory reads: 

Lemma 10. In a principal bundle with an Abelian structure group every potential with 
W curvature is gauge equivalent by a W^'^ go.uge transformation to a W^'^ potential. 

Due to the isometric isomorphism of Lemma[7|this lemma applies to the untwisted potentials 
and transformations a, w just as it does to the twisted ones a, A. 

Corollary 11. If X = G/H and H is a torus then Conjecture 2 holds. 

Proof. We have to prove that if ijj = u(p with ip G C°^{M,X) and u G We'\M,G) then 
there is u G £{M, G) such that tp = ULp. Let a = u~^du then a G L\ is flat and F(a") G 
by Lemma El Since Lemma ITUl applies to untwisted potentials there is w G W^''^{Hip) such 
that 

(a")"' = (a'")!! with a"" = {uwy^d{uw). 

Set u := uw. Then uip = Uip and hence u G iy^'^(M, G) by Definition IT^ Moreover, by 
construction G W^''^ and u G S{M,G) by Definition 1^ □ 

To extend this result to general homogeneous spaces one needs Lemma ITUl without the 
word 'Abelian'. Since a nonlinearity in curvature F{a) is involved more care is required. 
For instance, by the Sobolev multiplication theorems [Pl] the product a Aa with a G W^'"'' 
is in L'P only for 2p > dimM. Nonetheless we still believe that the following holds. 
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Conjecture 3. Let P ^ M be a smooth principal bundle and 2p > dimM. Suppose 

a e L^iA^M ® Ad, P) 

is a gauge potential on it with 

F{a) e ^^(A^MO Ad,P). 
Then there exists a gauge transformation X G W^'^^AdP) such that 

:= Ad,(A-^)a + A'MA G W^'P{A^M ® Ad, P). 

Since our M is 3-dimensional and p = 2 Conjecture El implies Conjecture |21 for any simply 
connected X (the proof is the same as in Corollary [TT|) . 

The proof of Corollary is indicative of the way we apply gauge-fixing to maps into 
homogeneous spaces. This trick will also be used to prove the main result of this section on 
existence of minimizers in (I4.16|) . In addition we need two more results to establish weak 
compactness and lower semi continuity. First is the result of K.Uhlenbeck jUlU IWe] : 

Theorem (Uhlenbeck compactness theorem). Let P ^ M be a smooth principal 
bundle and 2p > dimM . Consider a sequence of gauge potentials on M 

a„ e iy^'P(A^M ® Ad, P) with \\F{arr)\\L,<C <oo. 

Then there exists a subsequence a^y. and a sequence of gauge transformations G W'^'^{AdP) 
such that 

auT'^-^'a and | < C. (4.24) 

Note that in the Uhlenbeck compactness theorem a„ are assumed from the start to be in 
W^'^ rather than just in . If our Conjecture 01 were true one could replace this assumption 
with an G LP(A^M (g) Ad, P) and allow A„^ G W^^'P(AdP). We will use this compactness 
theorem to fix the gauge for the isotropic parts ai of potentials in a minimizing sequence. 
This means that we need ai G W^''^{A^M ® Q) from the start to apply the theorem and 
these are the 'technical reasons' we cited before for restricting to the admissible maps. 

The second result we need concerns weak convergence of wedge products. Recall that 
even for scalar functions weak convergence of factors to limits in does not imply even 
distributional convergence of the product to the product of the limits. For instance, 

sin(na;) ^0 on [0, 1] , but sin (nx) ~ ~ '^os(2ra)) ^ - 7^ 0. 

Still the Hodge decomposition of differential forms yields |RR1] (see also |IVj for a different 
approach) : 
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Theorem (Wedge product theorem). Assume that Vn ^ v , Un ^ oj are sequences of 
differential forms on a compact manifold M and dvn, dujn are precompact in W~^''^ . 
Then 

Vn A Un ^ V A uj (in the sense of distributions). 

Here as usual V{A*M ® End(E)*) is the space of test forms {C°° with compact support) 
and V{A'M ® End(E)) is the dual space relative to the inner product in (GMS4^ . In 
the above example the precompactness condition fails: c?sin(na;) = ncos(na;) is unbounded 
even in V . 

It will be convenient for us to use the Wedge product theorem in a slightly weakened 
form. By a Sobolev embedding theorem ^ W~^'P compactly if ^ < ^ + i {n := dimM). 

For a 3-dimensional M and p = 2 this gives s > |. Thus we can replace precompactness 
in W'^'"^ by boundedness in L^/^+^ with e > 0. 

Theorem 9. Every 2-homotopy sector of admissible maps has a minimizer of the Faddeev- 
Skyrme energy. 

Proof. We denote by ( — ^ ) the weak (the strong) convergence in a Banach space L . All 
constants in the estimates are denoted by C even though they may be different. Passing to 
subsequences is also ignored in the notation. This does not lead to any confusion. 

Recall that we assume G "—>■ End(E) for a Euclidean space E and u G W^''^{M,G) 
means u G iy"'^'^(M, End(E)) with u{m) G G a.e. Let ipn = Un<^ be a minimizing sequence 
of admissible maps in a sector Sip and a„ := u'^dun- The proof is divided into several 
steps. 

Gauge- fixing 

By definition 

E{Unf) = E^{an) <G<oo. 
It follows by inspection from (j4.12|) that 

IknlU^ — < oo and | A 1^,2 < C < oo. 

Then by Lemma IHl^i) also 

||F(all)||L2<C<oo. 
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Since m„ are admissible a™ G W^''^ and we may apply the Uhlenbeck compactness theorem 
to at. After passing to a subsequence we get a sequence of gauge transformations w„ G 
W^'^{H^) such that 

(air" = K")" '^'a"- 

But 

and UnWn are still admissible. Therefore we can drop Wn from the notation and assume 
that Un are preselected to have the isotropic components ai weakly convergent in W^'"^ . 
Compactness 

Let Un be the gauge-fixed minimizing sequence from the previous step. Since G is compact 
it is bounded in End(E) and 

||Wn||L°° < C < OO. 

By gauge-fixing and ()4.12|1 both bounded in . Therefore so are 

a„ = a|[ + = u~^dun and dun = Undn- 

We conclude that 

||Wn||vKi'2 < C < OO 

and after passing to a subsequence m„ ^ u. 

Since W^"^ ^ LF' is a compact embedding we have u„ — > u and since m„ are bounded 
in L°° also — > m^^. But the strong convergence in implies convergence almost 
everywhere on a subsequence and we have u{m) G G a.e. so that u G W^"'^'^(M, G) . 

The differential d : VT^'^ is a bounded linear operator and hence it is weakly 

continuous. Therefore 

dun du and dun = an ^ a := u du. 
Moreover, by the preselection of Un we have in addition 

a|l a" G iy^'2(A^M®3). 
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Closure 

In view of KT^ 



A a^\\L2 < C < oo 



and (possibly after passing to another subsequence) 

Aai ^ A. 



n n 



Since is bounded in and all is bounded in H^^'^ we have by the Sobolev multiplication 
theorem [Pl| : 

ll[«i>«n]llL3/2 < C < OO 

and and hence by Lemma El 

IM^n IIl3/2 < C < oo. 

But 3/2 > 6/5 and the Wedge product theorem now implies 

a:!^ A ^ A a"*". 

By uniqueness of the limit in V one must have A = a"*" A a"*" and 

Aa^^a^ Aa^ e L^{A^M ® g). 

Along with the previous step this yields u G S{M, G) and hence ip := uip G S{M, X) . This 
is the map we were looking for. 
Lower semicontinuity 

E in ()4.2|) is not a weakly lower semicontinuous functional of ip and neither is in ()4.12p 
as a functional of a. However, 

E{r,A):=l\\r\\l. + \\\A\\l. 
is a weakly lower semicontinuous functional of a pair (see |BlMj ) : 

(r, A) G L^{A^M ® 0) X L^A^M ® g) 

But obviously, 

E^{a) = E{D^a, D^a A D^a). 
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By the above 



Dipttn = (p*uj + ^ D^a and D^pan A D^an D^a A D^a. 



Therefore, 



E{i;) = E^{a) = E{D^a, D^a A 



< hminf E{Dipan, D^an A D^an) = hminf E^{an) = hminf E{iIj„ 

n— >oo 



Since ipn was a minimizing sequence in S(f and ip = u(f G S(f it is a minimizer of ()4.2|) in 
the 2-homotopy sector of (p. □ 
The minimization for flat potentials (problem ()4.17p ) is analogous and simpler. 

Corollary 12. For every smooth ip G C°°{M, X) there exists a minimizer of the Faddeev- 
Skyrme energy ()4.12|) among admissible flat potentials. 

Proof. The proof is essentially the same as in Theorem El so we only sketch it. We gauge-fix 
a minimizing sequence a„ to have ali a" and get 

a„ ^ a , a„ A a„ ^ a A a 

directly from the functional E^^ and the Wedge product theorem. Now 

and dan = (c^On)" + (dan)-^ is bounded in L^/^ and hence precompact in W^^''^ . Applying 
the Wedge product theorem again we get a„ A a„ ^ a A a. Therefore 

= dttn + an /\CLn ^ da + a /\ a 

and a is admissible and distributionally flat. □ 

Remark 6. // a„ are not just flat hut pure-gauge it follows from a result in \AK1^ that 
on a subsequence an ^ a, where a is also pure-gauge. Using this result one could prove 
Theorem\B without introducing Un explicitly hut such a proof requires a lengthy discussion of 
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holonomy for distributional connections. Note also that the argument of CorollaruM^ works 
just as well for the functional fl4.14|) and non-flat potentials. In this case there is no need 
in flatness and Lemma\^ since \\F{a}n)\\i2 are hounded directly by the functional. Of course, 
the minimizers will no longer be flat either. 

For X = S"^ Theorem El is proved in |AK2j (Theorem 4). In fact the result there is 
stronger: S(p is subdivided into subsectors by additional Chern-Simons invariants and there 
is a separate minimizer in each subsector. This already shows that a minimizer in Sip is not 
unique. But even if 7r3(X) = and the 2-homotopy sectors characterize homotopy classes 
completely there is little hope that the minimizers of ()4.2j) are unique since the functional 
is nowhere near being convex. 



4.3 Secondary minimization for symmetric spaces 

In the primary minimization we considered minimizing (|4.2p over the entire set Sip. If 
S{M,G) is replaced by C°°{M,G) this would correspond to minimizing over all smooth 
maps 2-homotopic to ip. To minimize over maps that are homotopic to (p one needs to 
add a constraint given by the secondary invariants fSection l2.4|) . By Corollary [7| for smooth 
maps this constraint can be given in terms of u as J n*0 G where B is an -valued 

M 

3-form representing the basic class of G (Definition 0]) and 



It is worth reminding that only depends on the 2-homotopy type of (p. 

We will need an explicit expression for the deRham representative B. When G is a 
simple group one can take the normalized Cartan 3-form |CEj : 



where cg is a numerical coefficient that ensures integrality. These coefficients are computed 
explicitly for all simple groups in |iAKlj . These authors also give a generalization of the above 
B to arbitrary compact groups. For simply connected ones it reduces to the following. Let 
= 01 © • • • ©Sat be the decomposition of the Lie algebra of G into simple components. For 
any g-valued form a let a'' := pr^^^a) denote its orthogonal projection to Qk with respect 
to some invariant metric on g. Then let 




(4.25) 



M 



e:=CGti{g ^dgAg ^dgAg ^dg) 



Qk := CG, tT{{g-'dgf A (g-'dg)'^ A {g~'dg)') 



and 



B:= (Bi,...,B;v) 
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is the required representative. Therefore for smooth maps 

u*Q,, ■= cg, tiiiu^^du)'' A (m^Mm)^ a (u-^du)'') = Cq, tr(a*^ A a^^ A a^), (4.26) 

where as usual a = u^^du. Note that the expression on the right is defined almost every- 
where clS cl form even if u is just a VF^'^ map. 

It is easy to see from the product rule and the definition of Sobolev norms that 

II 1 1 ^11 II 

I |Cl I IvF'-P — I \^\ liy'.p 

for any form a. Moreover, for any pair of forms 

(a A p f = a'' Ap'' 

since elements from different Qk always commute. Therefore if a is admissible we have for 
cOiCh. Jv ' 

2) {a^f A (a^)'^ = (a^ A a^f E L^A^M g) (4.27) 

3) (a")^ G W^'^iA^M (^g). 

By the way, each separately may not be admissible since in general (a'^)" ^ (a")^, 

Even though u*Q is defined almost everywhere as a form in order to integrate it over M 
we need it to be defined at least as a distribution. Since we only know that a'' G the triple 
product /\a^ /\a^ is not even in and one can not use the expression (j4.26j) for integration 
directly. To take advantage of the conditions (j4.27|) we decompose al^ = (a" + ct"'")'^, plug 
it into /\ /\ and use the distributive law. The resulting sum will have terms like 
{a-^Y ^ {o}^Y ^ {ci'^Y that are still not in . Fortunately, we only have to integrate traces 
of such terms and the situation can be helped. 

Since tr(^i ■ ■ ■ ^„) is invariant under cyclic permutations of ^^-s by definition of the wedge 
product (j3.2j) we get for any cyclic permutation a and 1 -forms a^: 

tr(a^(i) A ■ • • A a^(„)) = (-1)'' tr(ai A ■ ■ ■ A a„) = (-1)""^ tr(ai A • • ■ A a„). 

As a corollary for any forms a, (3 the wedge cube tr((a + /3)^^) reduces to the binomial 
form 

tr((« + /5)^3) = tr(a^3) + 3tr(a^2 ^) ^ ^ ^a2^ ^ tr(/3^3). 
Applying it to a = {a}^Y =• '^"'^5 1^ = {a-^Y =• '^"''^ get 
tr(a'' A a'' A a^) = 

tr(all'= A all'^ A a"^) + 3tr(all^ A a"^ A a^^) + 3tr(all^ A a^^ A a^^) + tr(a^^ A a^^ A a^^). 

(4.28) 
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From (j4.27j) and the Sobolev muhiphcation theorems we derive 



However a priori we only 



1) a"^' A a"^' A a"^' G 

2) a"^ A a"^ A a^^' G L*^/^ 

3) a}\^ A a^^' A a^^ G 

4) a^^^ A a^^ A a^'= G L^. 



(4.29) 



Overall tr(a Aa Aa ) G L and hence 'U*Bfc can be defined for admissible u as an L form 
by replacing tr(a^ A a'^ A a^) in ()4.26p by the righthand side of ()4.28|) . If u just has finite 
energy we only know a"'^ G Li^ and the first two terms are not in . Thus, in general the 
secondary invariants are not even defined for all finite energy maps. There is a case when 
they actually are. If G is a simple group and the subgroup H is Abelian we have [f), f)] = 
and hence a" A a" = so the 'bad' terms vanish. In particular X = SU2/U1 is such a case 
or more generally, flag manifolds X = S'f/ri+i/T", where T" is a maximal torus. 

Even though secondary invariants are defined for all admissible maps they do not behave 
well. More exactly, it is unclear if one can approximate an admissible u by smooth maps 
in such a way that u*Q is approximated in or even in V by the corresponding smooth 
forms. For the latter one would need^ 

a^^ A a^^ A a^'' ^ a^'' A a^'' A a^^ 

By the Wedge product theorem this happens if d{a^ A a^) is bounded in L^/^+^. But in 
general by (j3.5|) fxi) and Lemma IHl 

d(a'^ A a"*") = [da'^, a"*"] 

= -[d<l> Aa\a^] - [d$ Aa^,a^] - [[a\a^],a^] - [(/ - $)(a^ A a^), a^]. (4.30) 

The first term is in L^/^ and so is the third one due to the cancellation formula (|3.5p (vi) 

[[all, a-^], a-^] = [J,a^ A a^] G L^^^. 
Lve 
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[o?$ A a-^,a-^] G and [(/ - <l>)(a-^ A a"^), a"^] G L\ 
while 1 < 6/5. Without smooth approximation we do not know if J u*Q are still integral 

M 

and the secondary constraint J u*Q G O^p < makes sense. To deal with this problem 

M 

we have to confine ourselves to symmetric spaces and strongly admissible maps. 

Recall that X = G/H is a. symmetric space if there is a homomorphic involution G G 
that fixes H pointwise |Ar[ IBr2| iHl] . What is important to us is that in addition to the 
usual relations 

M]cf) , [f),f)^]cf)^ (4.31) 

^The other three terms converge trivially. 



in a symmetric space one also has 

[[)^, [)^] C [) (4.32) 

and therefore 

[[)i,t)i]c()^. (4.33) 
Since $ = prf^^ and / — $ = pr[j± we have immediately 

{I -^){a^ Aa^) = (4.34) 

and one of the singular terms vanishes altogether. Differentiating (j4.34j) gives a second 
relation 

(/-$)c^(a^Aa^) = d$A(a^Aa^). (4.35) 
Formulas of Lemma IHl can now be improved. 

Lemma 11. Let X = G/H be a symmetric space and a G L^(A^M ® g) a distributionally 
flat gauge potential. Then 

(i) F(al') = d(f Aa-^ - a-^ Aa^ - !f*uj^ A Lp*uj^ 

(ii) da^ = -d^ A a" - rf$ A - [a" , a^] (4.36) 

(iii) d{a-^ A a"^) = -[d^ A J,a^] + d$ A {a^ A a^). 

Proof, (i), (ii) follow directly from Lemma Inland (j4.34j) . 

(iii) We need to simplify ()4.30|) for symmetric spaces. Since d^ A = —^{da^) takes 
values in P)<^ and [a", a-*-] in [f};^, P)^] C f)<^ we have that 

[d^ A a"^, a-^] + [[a", a"^], a"^] 

is [)^ -valued. On the other hand 

d^ A a" = (/ - $)ciall 

is f)^ -valued and by ()4.32|) [d^ A a", a-*-] takes values in f)^. Thus 

$c?(a-^ A a^) = -[d^ A a", a"^] 
(/ - $)d(a-^ A a-^) = A a"^, a"^] - [[a", a"^], a"^]. 

Adding them together and using ()4.34|) gives (iii). □ 
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Lemma irTT iii) implies d{a^ A a-*-) G L^/^ for an admissible a and the difficulty we had 
with the convergence of u*Q is eliminated. Let us formalize this observation. 

Definition 23 (Convergence in S{M,G)). A sequence Un G S{M,G) weakly converges 
to u in £{M,G) if for an '■= u~^dun and a := u~^du one has 

\) Un ^ u {and hence ^ a ) 

2) a^Aa^^a^A (4.37) 

II II 

6) a'^ a". 



We denote this convergence by Un ^ u . The strong convergence is obtained by replacing 

the weak convergences above by the strong ones in the same Banach spaces. 

Keep in mind that although the notation does not reflect it the definition of the space 
£{M,G) does depend on the homogeneous space under consideration since this space de- 
termines the isotropic decomposition a" -fa-*- of a potential a. Now the above discussion 
yields: 

Lemma 12. If X is a symmetric space then Un ^ u implies u*^Q u*& and therefore the 
secondary invariants of Un converge to those of u : 

<0 ^ j u*Q. 

M M 

Our next observation is that the weak convergence also behaves well with respect to 
the gauge- fixing. For two sequences of maps Un u, Vn v does not necessarily imply 

UnVn uv . As a matter of fact, UnVn niay not even belong to £{M,G). Recall that in 
the proof of Theorem El we had to multiply u„-s from a minimizing sequence by 'gauge 
transformations' 

wn e W^'^{H^) = {we W^'\M,G)\ wif = ip} 

to control the norms of a|i . 

Lemma 13. Let Un ^ u and either Wn — > w or Wn & W ' {H^) and Wn — ^ w then 

£ 

UnWn UW 

Proof. C°° case follows trivially from the definition. For the second case note that 2) in 
(|4.37p can be replaced by 

D^ttn A D^Qn D^a A D^a (4.38) 
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with D^pa := + ip*uj^ (see Definition QUI) . The gain is that for a^" = {unWn) ^ d{unWn) 
and Wn e W^'\H^) 

D^ia"^") = Ad,{w-^){D^an) a.e. (4.39) 
Since W^^'^(M, G) C C^{M,G) by the Sobolev embedding theorems we have 

Wn — > w, Ad*(w„ ) — > Ad*(iy ) 

and therefore 

^ Ad,{w''){D^a A D^a) = D^{a}") A D^ia""). 

The conditions 1), 3) in ()4.37|) can be checked similarly using in ()4.39p and the fact that 

Ad*(tu~^) commutes with pr;,^ , prj^x when wip = ^. □ 

There is one more thing that one would like to have for the secondary invariants. For 
smooth maps M G Lemma |2l and p.25|l imply 



{uvYQ = j u*Q + J v*Q. (4.40) 

M MM 

Of course one can not expect (j4.4(Jj) to hold when both u, v are just admissible (the lefthand 
side may not be defined in this case) but even assuming that v is smooth it is unclear if 
()4.40|) holds for all admissible u . Thus to have the secondary invariants behave 'reasonably' 
we need to work with maps that are 'closer' to smooth ones than arbitrary admissible maps. 

Definition 24 (Strongly admissible maps). Denote by S'{M,G) the sequentially weak 
closure of G°^{M^G) in S{M,G). We call elements of S'{M,G) strongly admissible. For 
maps into X set e £'{M, X) if = mp for u G £\M, G) , if e G°°{M, X) . 

Similarly constructed spaces have been used in |EsH IGMSlj for similar minimization 
problems. It may well be that 

£{M,X) = £'{M,X) 



but the question is still open even for X = SU2 (see jEs2j ). li £' ^ £ one may ask whether 
the Lavrentiev phenomenon takes place, i.e. 

inf Eii)) = inf Eiib) < inf E(^)? 

This phenomenon is known to take place for the Dirichlet energy |GMS2j . Just from the 
definition we can only claim that W'^'^{M,G) C £'{M,G) (in fact it is contained even m 
the strong closure of C°° in £^). 
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Definition 25 (Homotopy sector). An element ip G S'{M,X) is in the homotopy sector 
of ip and we write ip E if 

1) ilj = u(p with u G £'{M, G) 

2) j u*e = mod 

M 

If ^p & C-^lMjX) then ip & S'^ if and only if ip is homotopic to ip by Theorem [3 

The next Lemma shows that strongly admissible maps are 'topologically reasonable'. 

Lemma 14. Let X = G/H be a symmetric space, M G a smooth reference map. Then 
(i) (integrality) For a strongly admissible map u G S'{M,G) the secondary invariants are 
integral: 

' u*Q G Z^. 



M 

(ii) (stabilizer) If w e iy^'^(M, G) stabilizes (p, i.e. w G W'^''^{H^) then 

w*Q = mod a 



M 

t2,2i 



(iii)(additivity) // m G 8'{M,G) and either w G C°°{M,G) or w e W^'^{H^) then uw G 
£'{M,G) and 

''{uwye = [ u*e+ [ w*e (4.42) 



M MM 

(iv) (change of reference) // (p is smooth and homotopic to (p then 

(v) (smooth representative) Every homotopy sector of strongly admissible maps contains 
a smooth representative, i.e. 

S\M, X)= U 

</3gc°°(m,x) 

Proof, (i) Let m„ be smooth and Un u. Then J m*G G and by Lemma IT^ J u*Q G 

M M 

Z^. 
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(ii) If F is any manifold then W'^^'^{M, F) C C°(M, F) (recall that dimM = 3) and therefore 
C°°{M, F) is dense in W'^''^{M, F) 'Btj. Since the approximation property is local it extends 
to bundles and C'^{H^) is dense in W'^^'^{H^). Since / w*Q G for w G C'^{H^p) we get 

M 

(ii) by passing to limit. 

£^ 14/2,2 

(iii) As we know (j4.42j) holds for smooth u, w (see (I4.4(jj) ). If m„ ^ u, ti'n — > ti; then by 
Lemma Uni UnWn and by Lemma IT^ this implies convergence of / ('U„w„)*6. Hence 
flO^ holds in the limit. 



M 



(iv) Since (p, (p are both smooth and homotopic it follows from Corollary |21 that there is 
a smooth v such that ip := vip and v is nullhomotopic, in particular J f*0 = 0. Also 
0[p = by Corollary El Let ip = uip & he arbitrary. By definition of £'^p we have 
j u*Q = mod O^. Set u := then ■?/' = uip and by (iii): 

M 



u*Q = J u*Q + j {v-^)*Q = J u*Q - j v*Q = mod = O^. 

M M M MM 



Thus ip & S'~ and S'^ G S'~. The other inclusion follows by switching ip and (p . 

(v) By definition of S'{M,X) for any map G C°°(M,X) there is ^ G C°°(M,X) and 
"U G S'{M, G) with = u(p. Then the vector 

1/ := y u*e 

M 

is in by (i). By the Eilenberg classification theorem [Stj there is a f G C°°{M,G) such 
that 

^ v*e = V. 



M 

Set u := uv~^ ^ (p := then still ip = uip. By (iii) u G £'{M,G) and 

M*e = j u*Q - j v*Q = 

M M M 

SO Ip E S'^, where (/9 is smooth by construction. □ 
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Thus we found a class that is closed under both the gauge-fixing and weak limits. It may 
even be argued (see |GMSlj ) that this class is more 'natural' than £{M, X) for minimization 
since we really want to minimize energy over smooth maps. An essential restriction of course 
is that it only works for symmetric spaces but this appears to be the natural generality. Our 
main secondary minimization result is next. 

Theorem 10. Let X he a symmetric space. Then every homotopy sector of strongly ad- 
missible maps contains a minimizer of Faddeev- Skyrme energy. 

Proof. We proceed as in the proof of Theorem IHl by choosing a minimizing sequence ipn = 
Un^p, Un € £\M,G) and j m*9 G O^p. Gauge-fixing replaces m„ by UnWn with Wn G 

M 

W'^-^{H^) and by Lemma ICTii).(iii) 



unWnTQ = u*e+ w:e = mod a 



M MM 

i.e. we may assume having m„w„ from the start and drop Wn from the notation. Now 
setting a„ = u~^dun we have ali a" since m„ is gauge-fixed. As in the proof of primary 
minimization we establish on a subsequence 



± ^ J 



A ^ a"*" A a"* 



where a := u~^du. But this means that Un ^ u and by Lemma IT^ 



<e ^ u*e, 

i.e. J u*Q G O^. Since m is a limit in S of maps from S' it is in S' itself and hence 

M 

ip = Uif G . As in the proof of Theorem 1^1 

E{i)) < \mviniE{ipn) 

and since ipn was a minimizing sequence ip is a. minimizer in S'^. □ 
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Conclusions 



In this section we describe some directions for future work suggested by the study of Faddeev- 
Skyrme models. Due to rich geometric and analytic structure Faddeev-Skyrme models mani- 
fest multiple connections with the geometric knot theory, the theory of harmonic maps, non- 
linear elastisity and other classical fields. Different interpretations of the energy functional 
lead to a number of non-trivial geometric, topological and analytic questions. 

One of the central problems in the geometric knot theory is minimizing magnetic energy 
among all divergence-free fields (closed 2-forms) with a given helicity [CDGj. The Faddeev- 
Skyrme functional on homogeneous spaces can be considered as a non-Abelian generalization 
of this problem with vector fields replaced by pullbacks of the curvature forms and the sec- 
ondary invariants playing the role of helicity. This suggests a study of minimizers involving 
subtle properties of a map, e.g., related to the knot type of its solitonic center as in |FHj . 
This should help answer questions like: at what energy levels should one expect the ap- 
pearence of a particular knot as the center of a minimizer? Are there several minimizers in 
the same homotopy class? Currently the fine geometry of the Faddeev-Skyrme minimizers 
remains purely conjectural even in the case of S"^ |FNH |LY2] . 

From analytical point of view the Faddeev-Skyrme functional is very similar to function- 
als in the theory of harmonic maps and non-linear elasticity |EH IGMS4j . Indeed if in the 
expression for energy 



the metric on G is bi-invariant then = \du\ and the first term describes Dirichlet 

energy of u. The same holds for homogeneous spaces as |M*ct;"'"| = \du\. The second 
term is reminiscent of expressions for elastic energy in non-linear models (in fact when 
G = SU2 — it coincides with one of them). 

It is well known that for harmonic maps with a target space X the phenomenon of 
'bubbling' occurs, i.e. spherical components split off at the limit when tc2{X) 7^ 0. Similar 
effects are known in the elasticity theory as 'cavitation'. When 7r2(X) = (no bubbling) 
regularity theory for harmonic maps implies that solutions are Holder continuous. Results 
of my thesis imply that when X is a symmetric space bubbling does not happen for the 
Faddeev-Skyrme energy even if 7r2(X) 7^ 0. In the presense of additional non-linear terms 
however even the absense of 'bubbling' or 'cavitation' is no guarantee that minimizers are 




\duu 



-1|2 



+ -\duu ^Aduu ^\'^ dx . 
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Holder continuous jGMS4j . They may be mildly singular and behave 'like smooth maps' for 
the purposes of integration by parts. It is curious to find out what happens in the cases of 
simply connected Lie groups and non-simply connected symmetric spaces as the targets. 

Questions about bubbling underscore the absense of a regularity theory for Faddeev- 
Skyrme minimizers similar to the one for harmonic maps |ELj . An important step in this 
direction would be proving ConjecturesHISlthat provide an explicit description of admissible 
maps (as finite energy maps) and ensure density of smooth maps among them in the topology 
dictated by the energy functional. Establishing these links is necessary for applying classical 
ideas of regularity theory to maps described via gauge potentials. For as the target 
equivalents of these conjectures are proved in |AK3j . 

It does not seem likely that no bubbling occurs for an arbitrary simply connected ho- 
mogeneous X . However, the gauge methods seem to be well suited for proving that it is 
avoided when the target space is a flag manifold X = G/T (T is a maximal torus of a 
Lie group G). The flag manifold targets appear in the Faddeev-Niemi conjecture |FN2j 
which states that the S'f/^+i/T"' Faddeev-Skyrme model describes the low-energy limit of 
the SUn+i Yang-Mills theory. This motivates studying the topology of the configuration 
spaces of the SUn+i/T^ Faddeev-Skyrme models and comparing it to the topology of the 
Yang- Mills configuration space. For the case of the 2 -sphere the fundamental group and the 
real cohomology ring of the configuration space were computed in |ASj and it is instructive 
to generalize the computation to the case of flag manifolds. 

One can also try to replace closed 3-manifolds as domains of the maps in Faddeev- 
Skyrme models. Whereas the results of this thesis generalize to bounded domains in 
rather straightforwardly, it is not the case with non-compact manifolds, unbounded domains 
in or even itself. As suggested by |KV| ILY2j an important step in analyzing Faddeev- 
Skyrme models on is to obtain an asymptotic growth estimate for energy of minimizers 
as a function of their topological numbers (the degree, Hopf invariant, etc.). We know 
that the growth is linear for Lie groups and fractional with power 3/4 for SU2/U1. It is 
interesting that for bounded domains there is a linear lower bound on energy even if the 
Dirichlet term Idwp is dropped |CDGj . One would want to find analogous growth estimates 
for other homogeneous spaces G/H and investigate the dependence of the power of the 
growth on a way H sits inside of G for both bounded and unbounded domains. 

The concentration-compactness method used in jLY2j so far does not give complete solu- 
tion to the existence of Faddeev-Skyrme minimizers on or its unbounded domains. The 
minimization problem on M.^ has a specific difficulty of maps 'jumping' from one homotopy 
class to another at the limit due to effects at infinity. On the other hand, the Uhlenbeck 
compactness theorem has been recently generalized to some non-compact manifolds in jWrj. 
Hopefully the gauge methods of this work combined with these new results will lead to a 
complete solution for . 
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